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Managers are the people who run their organisations. They make decisions in
complex circumstances and for this they need many skills, including problem-
solving, leadership, communications, analysis, reasoning, experience and
judgement. Many of their decisions are based on numerical information. For
instance, they have to consider income, profit, production levels, productiv-
ity, interest rates, forecast demand, costs and all the other information that is
presented as numbers. And this means that managers must have some under-
standing of quantitative methods, while the ability to work with numbers is
one of the basic skills of management. This does not mean that managers
have to be professional mathematicians, but they do need to understand
quantitative reasoning and be able to interpret numerical results.

If you are a student of management, you will almost certainly do a course
in quantitative methods. This course might come in various guises, such as
quantitative analysis, decision-making, business modelling, numerical analysis,
business statistics and so on. This book covers the key material in these
courses. It describes a range of quantitative methods that are widely used in
business, and which you will meet somewhere in your courses. Specifically,
the book gives a broad introduction to quantitative methods that can be used
in the early years of an HND, an undergraduate business course, an MBA or
many vocational and professional courses. It is aimed at anyone who wants to
know how quantitative ideas are used in business — and it describes methods
that you will meet in your courses, and then later in your working life.

Management students come from different backgrounds, so we cannot
assume much common knowledge or interests. In this book we start with the
assumption that you have no previous knowledge of management or quantitative
methods. Then the book works from basic principles and develops ideas in a
logical sequence, moving from underlying concepts through to real applications.

One common observation is that management students can find quantitative
ideas difficult or intimidating. You are probably not interested in mathematical
abstraction, proofs and derivations — but more in results that you can actually
use in business. This is why the book has a practical rather than a theoretical
approach. We have made a deliberate decision to avoid proofs, derivations
and rigorous (often tedious) mathematics. Some formal procedures are
included, but these are kept to a minimum. At the same time we emphasise
principles, but leave computers to do the routine calculations. In practice,
spreadsheets are a particularly useful tool and we illustrate many ideas with
Microsoft Excel (but you can get equivalent results from any spreadsheet).

Managers can use almost any kind of quantitative methods in some circum-
stances, so there is an almost unlimited amount of material that we could put
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into the book. To keep it to a reasonable length we have concentrated on the
most widely used topics. However, we have still kept a broad view, describing
many topics rather than concentrating on the details of a few, and not em-
phasising some topics at the expense of others. Some useful additional topics
are described in the accompanying website at www.pearsoned.co.uk/waters.

For convenience the book is divided into five parts that develop the subject
in a logical sequence. Many people find probabilistic ideas more difficult than
deterministic ones, so we have drawn a clear separation between the two.
The first three parts describe deterministic methods, and the last two parts
cover problems with uncertainty.

m Part One gives an introduction to quantitative methods for managers.
These first three chapters lay the foundations for the rest of the book, saying
why managers use quantitative methods, and giving a review of essential
quantitative tools.

m Part Two describes data collection and description. All quantitative methods
need reliable data, so these four chapters show how to collect this, sum-
marise it and present it in appropriate forms.

m Part Three shows how to use these quantitative ideas for solving different
types of problems, including measuring performance, finance, regression,
forecasting and linear programming.

m Part Four describes some statistical methods focusing on probabilities,
probability distributions, sampling and statistical inference.

m Part Five shows how to use these statistical ideas for problems involving
uncertainty, including decision analysis, quality, inventory and project
management, queues and simulation.

The whole book gives a solid foundation for understanding quantitative
methods and their use in business.

Each chapter uses a consistent format which includes:

m a list of chapter contents

an outline of material covered and a list of things you should be able to do

after finishing the chapter

the main material of the chapter divided into coherent sections

worked examples to illustrate methods

‘ideas in practice’ to show how the methods are actually used

short review questions throughout the text to make sure you understand

the material (with solutions in Appendix A)

key terms highlighted in the chapter, with a glossary at the end of the book

a chapter review listing the material that has been covered

a case study based on material in the chapter

problems (with solutions given on the companion website at www.

pearsoned.co.uk/waters)

research projects, which allow you to look deeper into a topic

m sources of information, including references, suggestions for further reading
and useful websites.
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- To summarise

This is a book on quantitative methods for business and management. The
book:

is an introductory text that assumes no previous knowledge of business,
management or quantitative methods

takes a broad view and is useful for students doing a wide range of
courses, or for people studying by themselves

covers a lot of material, concentrating on the most widely used methods
develops the contents in a logical order

presents ideas in a straightforward, reader-friendly style

avoids abstract discussion, mathematical proofs and derivations

gives example of real applications from a wide range of organisations

uses spreadsheets and other software to illustrate calculations

includes a range of learning features to help you to understand the material.

- Companion website

The companion website for the book is www.pearsoned.co.uk/waters. This
contains valuable teaching and learning information.

For students:

Study material designed to help your understanding
Data sets for problems, examples and cases in the book
Spreadsheet templates for calculations

Additional material to extend the coverage of key topics
Proofs and derivations of formulae

Answers to problems

Additional worked examples and case studies.

For lecturers adopting the book for courses:

A secure password-protected site with teaching material

PowerPoint slides that can be downloaded and used for presentations
A review of key aims and points for each chapter

Worked solutions to problems

Comments on case studies

Copies of figures and artwork from the book

Additional worked examples and case studies.

- Acknowledgements and trademarks

A lot of software is available to support quantitative methods. The following
list includes packages that are mentioned in the book, with their developers
(with apologies for any errors or omissions). You can find more information
about products from company websites.

Excel, Word, PowerPoint, Microsoft Office, Microsoft Project and Visio are
trademarks of Microsoft Corporation; Microsoft Excel screenshots are
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reprinted with permission from Microsoft Corporation; Amode is a trade-
mark of Mindsystems Pty Ltd; Analyse-it is a trademark of Analyse-it
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of Fair Isaac Corp; GAMS is a trademark of GAMS Development Corpora-
tion; GLPX, PSPP and SimPy are supplied by the Free Software Foundation
Inc.; Gnumeric and Gnome are part of the Free Software Desktop Project;
Google and Google Docs are trademarks of Google Inc.; iMindMap is a
trademark of BUZAN Online Ltd; Jmp and SAS are trademarks of SAS
Institute, Inc.; Linear Algebra 2 is a trademark of Orlando Mansur; LINDO
is a trademarks of Lindo Systems, Inc.; Matrix ActiveX is a trademark of
Bluetit Software; MindManager is a trademark of MindJet Corp.; Minitab is
a trademark of Minitab, Inc.; NovaMind is a trademark of NMS Global Pty
Ltd; Numbers is a trademark of Apple Inc.; OpenOffice Calc is a trademark
of OpenOffice.Org; Oracle Projects is a trademark of Oracle Corporation;
Primavera Project Planner is a trademark of Primavera Systems, Inc.; Renque
is a trademark of RND Technology Consultants; SimEvents is a trademark of
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Background

Managers are the people who run their organisations. To do this effectively,
they need many skills, with key ones being the ability to analyse and solve
problems. In practice, management problems come in many forms, but they
share common features. Here we focus on one of these features — the reliance
on numerical data.

Almost every problem in business includes some numerical information,
and managers routinely use a range of quantitative methods to analyse it.
This book describes some of the most common methods. These play an
essential role in the decision-making of every organisation, and they form a
set of tools that every manager should understand and use effectively.

The book is divided into five parts, each of which covers a different aspect
of quantitative methods. This first part describes the underlying concepts of
quantitative methods, setting the context for the rest of the book. The second
part shows how to collect, summarise and present data, and the third part
uses this data to solve some common management problems. The fourth part
introduces the ideas of statistics, and the fifth part uses these to solve prob-
lems involving uncertainty.

There are three chapters in this first part. Chapter 1 reinforces the idea
that managers constantly use numbers, and they must understand a range of
quantitative analyses. The rest of the book describes these in more detail. But
before we start we have to review some underlying principles, and make sure
that you are familiar with some basic quantitative tools. In particular,
Chapter 2 describes numerical operations and algebra, and Chapter 3 shows
how to draw graphs. You have probably met these before, but this is a good
time for some revision.

Chapters in the book follow a logical path through the material, as shown
in the following map. You will probably find it best to tackle each chapter in
turn, but you can take a more flexible approach if you prefer.
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Chapter outline

Managers have many roles, but these can be summarised as analysing and
solving problems. These problems come in many forms, but they have com-
mon features. In particular, they nearly always include some numerical
information. It follows that managers must understand numerical ideas and
be familiar with a range of quantitative analyses. This chapter considers the
importance of numbers and calculations, the use of numerical information
by managers and the way in which quantitative models are used to tackle
problems.
After finishing this chapter you should be able to:

appreciate the importance and benefits of numbers

say why quantitative methods are particularly useful for managers
understand the use of models

describe a general approach to solving problems

use computers for calculations.

- Why use numbers?

On an ordinary day, you might notice that the temperature is 17°C, petrol
costs £1.30 a litre, 2.1 million people are unemployed, house prices rose by
8% last year, employees want a pay rise of £1.50 an hour, a football team
has won its last seven games, 78% of people want shops to open longer
hours, your telephone bill is £95 and a candidate won 32,487 votes in an
election. These numbers give essential information. They have the benefit



4 Managers and numbers

of giving a clear, precise and objective measure. When the temperature is
30 degrees, you know exactly how hot it is; when a bar contains 450 grams
of chocolate, you know exactly how big it is; and your bank manager can say
exactly how much money is in your account. On the other hand, when you
cannot measure something it is much more difficult to describe and under-
stand. When you get a pain in your stomach it is very difficult to describe the
kind of pain, how bad it is or how it makes you feel. When you read a book
it is difficult to say how good the book is or to describe the pleasure it gave
you.

So the first benefit of numbers is that they give a clear measure — and a
second benefit is that you can use them in calculations. If you buy three bars
of chocolate that cost 30 pence each, you know the total cost is 90 pence; if
you pay for these with a £5 note you expect £4.10 in change. If you start a
120 km journey at 12:00 and travel at 60 km an hour, you expect to arrive
at 14:00.

= Any reasoning that uses numbers is quantitative.
= Any reasoning that does not use numbers, but is based on judgement and opinions,
is qualitative.

WORKED EXAMPLE 1.1

An automatic ticket machine accepts only pound m £1 gives 1 ticket, so each ticket costs £1/1=£1

coins. The numbers of tickets it gives are: m £2 gives 3 tickets, so each ticket costs £2 /3 =
. . . £0.67

£1 -1 ticket, £2 — 3 tickets, £3 — 4 tickets, - . . _

£4 _ 5 tickets, £5 7 tickets. ] 2(3) ;;Slves 4 tickets, so each ticket costs £3 /4 =

How can you get the cheapest tickets? m f4 gives 5 tickets, so each ticket costs £4 /5 =
£0.80

Solution m £5 gives 7 tickets, so each ticket costs £5/7 =
You can do a simple calculation to find the best £0.71

value for money. You know that:

Buying three tickets for £2 clearly gives the lowest
cost per ticket.

Numbers increase our understanding of things — and it is impossible to lead a
normal life without them. This does not mean that we all have to be mathe-
matical whiz-kids — but it does mean that we have to understand some
numerical reasoning and know how to work with numbers. We must know
that having €1,000 in the bank is not the same as having €500, nor is it the
same as having an overdraft of €1,000.

Usually we use numbers for precise calculations. When you go into a
supermarket you know that you will get exactly the right bill, and after pay-
ing you should get exactly the right change. But sometimes we are happy
with rough estimates. For example, if you have a credit card bill of €1,000
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and can repay €100 a month, you know that it will take about a year to
clear the account. Similarly, if you read a page a minute you can finish a 55-
page report in about an hour; when you see a car for sale, you do not know
exactly how much it costs to run, but a rough estimate shows whether you
can afford it; when you get a quotation for some work by a builder you can
quickly check that it seems reasonable; and before you go into a restaurant
you can get an idea of how much a meal will cost.

Numbers and management

Numbers are such an integral part of our lives that it comes as no surprise
that managers use quantitative reasoning to aid their decisions. They measure
performance in terms of profit, return on investment, turnover and share
price; to increase returns they look at growth, costs, profitability and sales;
when considering output they measure capacity, productivity and employee
numbers; to assess marketing they look at the number of customers, market
share and sales; annual accounts give a numerical review of overall perfor-
mance. In reality, it is difficult to find any aspect of management that does
not involve some kind of quantitative analysis. The collection of methods
used for these analyses are loosely described as quantitative methods.

Quantitative methods form a broad range of numerical approaches for analysing and
solving problems.

You should not be surprised that managers rely on quantitative reasoning
because this is a routine part of most jobs. Engineers do calculations when
they design bridges; doctors prescribe measured amounts of medicines;
mobile phone companies monitor traffic on their networks; accountants give
a quantitative view of performance. If you imagine that managers do not use
formal analyses but can somehow guess how to make the right decisions
using their intuition and judgement, you are very much mistaken. In this
book, we want to overcome the strange idea that managers instinctively
‘know’ the solutions to their problems, and instead we show how they really
make decisions. Of course, this does not mean that managers have to do all
the analyses themselves; they can get assistance from relevant experts — in the
same way that they use experts in communications, information processing,
accounting, law and all the other specialised areas. However, managers really
do have to be aware of the analyses available, understand the underlying
principles, recognise the limitations, have intelligent discussions with experts
and interpret the results.

In reality, no problem is entirely quantitative and judgement, intuition,
experience and other human skills are important. You can see this in areas
such as industrial relations, negotiations, recruitment, setting strategic goals
and personal relations. But even here managers should consider all available
information before reaching their decisions — and quantitative methods often
give valuable insights. Figure 1.1 shows the usual approach to decisions,
where managers identify a problem, do quantitative and qualitative analyses,
evaluate the results, make their decisions and implement them.
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Figure 1.1 Usual approach to making a decision

WORKED EXAMPLE 1.2

The policy of Benchmark Global Consultants is to
employ one consultant for every 10 clients on
their books. Last month they had 125 clients. How
many consultants should they employ?

of consultants to either 12 or 13. The best decision
depends on a range of qualitative factors — such
as competition, economic conditions, expected
changes to client numbers, amount of work sent
by each client, attitudes of consultants, type of

Solution business, planned staff departures, recruitment,

A purely quantitative analysis suggests employing
125 / 10 = 12.5 consultants. They could employ
part-time staff, but this may not be feasible, par-
ticularly if the number of clients keeps changing.
Realistically the company could round the number

training, seasonal trends, long-term contracts and
so on. Managers must review all the available
information — both quantitative and qualitative —
before making their decision.

REEN questions (Appendix A at the end of the book gives answers to all the review questions.)

1.1 What are the benefits of quantitative methods?

1.2 Do quantitative analyses make the best decisions?

1.3 Managers must be good mathematicians. Do you think this is true?

1.4 Why has the use of quantitative methods by managers increased in the past

20 years?
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Patrick Chua is the senior vice-president of RPF
Global, a firm of financial consultants with offices
in major cities around the Pacific Rim. He outlines
his use of quantitative ideas as follows.

‘Most of my work is communicating with man-
agers in companies and government offices. | am
certainly not a mathematician, and am often con-
fused by figures — but | use quantitative ideas all
the time. When | talk to a board of directors, they
won't be impressed if | say, “This project is quite
good; if all goes well you should make a profit at
some point in the future.” They want me to spell
things out clearly and say, “You can expect a 20%
return over the next two years.”

My clients look for a competitive advantage in
a fast-moving world. They make difficult decisions.
Quantitative methods help us to make better deci-
sions — and they help to explain and communicate
these decisions. Quantitative methods allow us to:

- Solving problems

Building a model

‘Quantitative methods’ is a broad subject that includes many different
approaches — but they all start with a model of a problem. In this sense, a
‘model’ is a simplified representation of reality, and we are not talking about

B look logically and objectively at a problem

B measure key variables and the results in
calculations

B analyse a problem and look for practical
solutions

B compare alternative solutions and identify the
best

B compare performance across different opera-
tions, companies and times

m explain the options and alternatives

B support or defend a particular decision

B overcome subjective and biased opinions.

Quantitative methods are an essential part of
any business. Without them, we just could not
survive!”

Source: Chua P., talk to Eastern Business Forum, Hong Kong,
2010.

toys or games. The main features of a model are:

m it is a representation of reality
m it is simplified, with only relevant details included
m properties in reality are represented by other properties in the model.

There are several types of model, but the most widely used by managers are
symbolic models. These have properties in reality represented by some kind of
symbol. So, a symbolic model for the amount of value added tax payable is:

VAT = rate X sales

where the symbol “‘VAT’ in the model represents the amount of tax paid in
reality, and the symbols ‘rate’ and ‘sales’ represent the actual rate of VAT

and value of sales.

If a company sells a product for £300 a unit, a model of its income is:

income = number of units sold x selling price
= number of units sold x 300

We can extend this model by finding the profit when it costs the company

£200 to make each unit:

profit = number of units sold X (selling price — cost)
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or

profit = number of units sold x (300 — 200)
= number of units sold x 100

This equation is our model. It has the advantage that we can do experiments
with it, perhaps seeing how the profit changes with the selling price or num-
ber of units sold. This is an important point — that we can change things in
the model to assess their affects. If we did not have the model, our only
option would be to experiment with real operations, getting the company to
actually change its selling price and then measuring the change in profit. This
kind of tinkering with real operations has the obvious disadvantages of being
difficult, time-consuming, disruptive and expensive — and it might cause per-
manent damage. It may also be impossible — for example, a wholesaler can-
not find the best location for a new warehouse by experimentally trying all
possible locations and keeping the best. Experimenting with real operations
is at best expensive and at worst impossible, so the only feasible alternative is
to build a model and experiment with this.

Stages in problem-solving

Earlier we said that there are four stages in tackling a problem — identifying
the problem, analysing it, making decisions and implementing the results.
You can see the central role of models in this process when we add some
details to the four stages (as shown in Figure 1.2).

|

1. Identify a
problem

i

2. Analyse the

PEERE

Stages

repeated as problem
often as Managers
needed to
get
acceptable 3. Make
results T decisions

i

H

4. Implement

> el
the decisions

L
J

Actual Feedback to
performance managers

|

Figure 1.2 Stages in decision-making
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Stage 1: Identify a problem. At the end of this stage, managers should have a
clear understanding of the problem they are tackling, its context and the
requirements of their solution. For this stage they might:

(a) Do an initial investigation — looking at operations, identifying difficulties
and recognising that there really is a problem.

(b) Define the problem — adding details to the initial investigation, saying
exactly what the problem is (and not just its symptoms), its context,
scope, boundaries and any other relevant details.

(c) Set objectives — identifying the decision-makers, their aims, improve-
ments they want, effects on the organisation and measures of success.

(d) Identify variables, possible alternatives and courses of action.

(e) Plan the work — showing how to tackle the problem, schedule activities,
design timetables and check resources.

Stage 2: Analyse the problem. At the end of this stage, managers should have
a clear understanding of their options and the consequences. For this they
might:

(a) Consider different approaches to solving the problem.

(b) Check work done on similar problems and see if they can use the same
approach.

(c) Study the problem more closely and refine the details.

(d) Identify the key variables and relationships between them.

(e) Build a model of the problem and test its accuracy.

(f) Collect data needed by the model and analyse it.

(g) Run more tests on the model and data to make sure that they are work-
ing properly, are accurate and describe the real conditions.

(h) Experiment with the model to find results in different circumstances and
under different conditions.

(i) Analyse the results, making sure that they are accurate and consistent.

Stage 3: Make decisions. This is where managers consider the results from
analyses, review all the circumstances and make their decisions. There are
three steps:

(a) Compare solutions, looking at all aspects of their performance.
(b) Find solutions that best meet the decision-makers’ objectives.
(c) Identify and agree the best overall solution.

Stage 4: Implement the decisions. At this point managers turn ideas into
practice, moving from ‘we should do this’ to actually doing it. For this they:

(a) Check that the proposed solution really works and is an improvement on
current performance.

(b) Plan details of the implementation.

(c) Change operations to introduce new ways of doing things.

(d) Monitor actual performance — after implementing their decisions, man-
agers still have to monitor operations using feedback to compare actual
performance with plans to make sure that predicted results actually
occur. And if things are not going as expected, they have to adjust the
operations and plans.

In practice, managers can rarely take these stages in strict sequence
because they often hit problems and have to return to an earlier point. For
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example, when making a decision in stage 3 they might find that they do not
have enough information and return to stage 2 for more analysis. So they
keep returning to earlier stages as often as needed — or until the time avail-
able for making the decision runs out.

People take slightly different views of these stages, such as Finlay and
King’s' description of conceptualisation, verbalisation, symbolisation, manip-
ulation and representation. Waters® describes observation, modelling, experi-
mentation and implementation, and a classic work by Ackoff® describes six
stages of defining a problem, building a model, testing the model, getting a
solution to the problem, implementing the solution and controlling the solution.
However, the important point is not the names, but that managers actually
adopt a formal process for tackling problems, and that there are several
stages between identifying the problem and implementing the solution.

In our view, the analysis and modelling is done mainly in stage 2, and this
is where you find most quantitative methods. Actually, the quantitative ana-
lysis itself can include several stages. For instance, managers might start by
identifying the overall approach to tackling a problem, then move through
research, modelling, data collection, experimentation and ending with ana-
lysis of the results. Figure 1.3 shows a more detailed view of decision-making
when these extra elements are added to stage 2. We describe the details of
this approach in the rest of the book.

IDEAS IN PRACTICE W:IcRel{]I]

BG Group is an international energy group with a
turnover of around $15 billion a year. Its main busi-
ness is the supply of natural gas. This is a ‘clean’ fuel,
and because the worldwide demand for energy is
growing, sales are expected to rise significantly
over the next 10 years. To meet this demand BG
has to continually find and develop new reserves.

National governments generally regard gas
fields as a vital strategic resource, so they keep
tight control over them. To develop a field, govern-
ments divide it into blocks and invite energy
companies to bid for exploration rights. BG, along
with every other energy company, has to decide
whether to bid for exploration rights in available
blocks, and how much to bid. These are important
decisions that are characterised by high costs (typi-
cally hundreds of millions of dollars), long lead
times (typically five years before a project starts
earning money), limited lifetime (there is a finite
amount of gas available) and complex tax and
contractual arrangements.

BG considers many factors in each decision.
Firstly, there are qualitative factors, particularly
their rigorous ethical guidelines and business prin-
ciples. These are important in showing how BG
Group does business and what it stands for — and

how it deals with issues such as gas finds in sensi-
tive environments, conflict zones or areas where
indigenous peoples are contesting land rights.
Other qualitative questions concern the availability
of alternative projects, structure of the company’s
long-term portfolio of fields, partnerships, public
perception of the company, effect on share value,
and so on.

Secondly, there are quantitative factors. These
focus on two issues:

m Risks — where geologists look at the chances of
finding gas and the likely size of discoveries,
engineers look at potential difficulties with
production, health and safety look at safety
and environmental risks, and economists look
at likely demand, prices and commercial risks.

m Return from the project, starting with the basic
formula:

net cash flow = revenue — costs — taxes

Managers review the results from both qualita-
tive and quantitative analyses before making any
decision.

Sources: BG Annual Reports and websites www.bg-
group.com and www.thetimes100.co.uk
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Solving a problem
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Figure 1.3 The role of modelling in solving a problem
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CETEVGTTESEEE 1.5 Why do managers use models?

1.6 What are the stages in solving a problem?

1.7 Where do quantitative models fit into this approach?

1.8 s there only one correct way to tackle a problem?

- Useful software

An obvious problem with calculations is that we can all make mistakes with
even the simplest bit of arithmetic. Thankfully, we can use calculators for
simple arithmetic and computers for anything more ambitious. Then, you
might ask, why you should do any calculations — why not leave everything to
the computer? A standard answer is that you have to understand the meth-
ods so that you can interpret and implement the results they give. If you are
simply handed a numerical result, you have no idea of its accuracy, relev-
ance, assumptions or anything else. And you certainly have no insight into
the calculations or ‘feel’ for the numbers. You need at least some contact
with the calculations to say whether the results make sense or are absurd. If
your computer says that a company made £140 million profit last year or
that a share price rose by 1200% overnight, it might be good news — or you
might have some feel for the calculations and realise that there is a mistake.
If your computer calculates an answer of 15 km, this may be good - but it
was nonsense when a study quoted this as the diameter needed for a sewer
pipe in Karachi.* So it is always useful to do some calculations — if only to see
what is happening and check the results.

There is a huge amount of software available for helping managers with
their calculations, and spreadsheets are particularly useful. These consist of a
grid of related cells, with the rows numbered 1, 2, 3 etc. and the columns
labelled A, B, C etc. Then each cell in the grid has a unique address such as
A1, A2, B1, C6 or F92. Each cell contains:

m a simple number — for example, we can set cell B1 to equal 21, and B2
to 12

m or a calculation - so we can set cell B3 to equal the sum of cells B1 and B2

m or a label — so we can set cell A3 to contain the word “Total’.

A B You can see the result in Figure 1.4. The benefit of this format is that you can

1 21 change the value of any cell (such as B1 or B2) and the spreadsheet will auto-
B 12 matically do the calculations.

3 | Total 33 The most widely used spreadsheet is Microsoft Excel, but there are several

alternatives including IBM Lotus Symphony, Apple’s Numbers, OpenOffice
Calc, Quattro Pro, Gnumeric and Google Doc’s spreadsheet. In this book
we illustrate calculations with a generic spreadsheet, which is based on
Microsoft Excel. However, you can use any relevant package for calculations
— and the only guidance is to use the software that you are happiest with.
If you want lessons or revision in the use of spreadsheets, some books are
suggested in the sources of information at the end of the chapter.

Figure 1.4 Example of a
spreadsheet calculation
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Spreadsheets are easy to use and have a standard format for doing many
calculations — but they have limitations. Sometimes it is easier to use a spec-
ialised package that is better at handling data, uses the best method to solve
a particular problem, includes special procedures, and gives results in
the best format. But specialised software can be more complicated and
more expensive, so you have to balance the benefits with the extra effort
and cost.

WORKED EXAMPLE 1.3

In Worked example 1.1 we described an automatic
ticket machine that accepts only pound coins and
gives out:

1 ticket for £1, 3 tickets for £2, 4 tickets for £3,

understand these results, it is worth getting some
practice with spreadsheets. The key point is that
each cell can contain a number, a calculation or a
label. An equals sign shows that it contains a cal-

culation - such as '=A4/B4’, where cell C4 contains
the result of dividing the value in cell A4 by the
value in cell B4. The calculations can include stand-

5 tickets for £4, and 7 tickets for £5.

Use a spreadsheet to find the best value from the

machine. ard functions, such as ‘'SUM’ (adding the values in
a range of cells), ‘'MAX' (finding the maximum
Solution value), ‘MIN’ (finding the minimum value), and

Figure 1.5(a) shows the calculations for this and
Figure 1.5(b) shows the results. If you do not

the conditional ‘IF'.

B3 Micrauaft Fecel - figure 1 5(a) saurce a
] Be Bt Yew et Fomst ook [sta Wedow teb .- x
INDEE Y dER-T - E-Fb M D i s - B sy EESEHPX, 2 EE _-5-A-
AlS - S
| B Cc D -
| 1 Buying tickets
| 2
| 3 Cost HNumber of tickets | Cost per ticket Lowest cost
|41 1 =A4/B4 =IF(C4=MIN($C34.3C$8),"<—- lowest",")
! 5 12 3 =A5/B5 =IF(C5=MIN($C$4:3C$8),"<-- lowest",")
163 4 =AG/B6 =IF(CB=MIN($C34:5C38),"<-- lowest",")
|7 4 5 =A7/B7 =IF(C7T=MIN($C$4.3C$8),"<— lowest",")
i 8 5 7 =AB/B8 =IF(CB=MIN{$C54:3C38),"<-- lowest",")|
9
|10
[RA
|12
|13
|14
| 16
|17
| 18
|19
| 20
121 -
[W oo b W\ Figure 1.5, |« | 1]
fogws Iy apstapsss S W OCEHACEDE »-L-A-STE0F .

Ready M

Figure 1.5(a) Spreadsheet calculations for ticket machine
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Worked example 1.3 continued

2 Micresaft Fecel - figurs 1-5(b) saurce &%)
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| 1 Buying tickets

|2

| Number | Costper | Lowest

133 Cost | oftickets | ticket cost

L4 £ 1 £1.00

| 5 £2 3 £0.67 [<- lowest

| 6 £8 4 £0.75

| 7 £4 5 £0.80

|8 [ _£5 7 £0.71

|9

110

[ 11

112

j 14

§u14r;. W Figure 1.5 |« ,i]""

e by g s A OCEHACEIE - L-A-=STE0F,

Figure 1.5(b) Results from the calculations

Review questions 1.9 To get a feel for a calculation you should do it by hand first, and then use a

computer to check the result. Do you think this is true?

1.10 Why would you use general-purpose software like spreadsheets when there

are specialised packages for most problems?

IDEAS IN PRACTICE

Tom Geoghegan says, ‘The British are uniquely
happy to admit being bad at maths’. Most people in
the world are proud of their education and attain-
ments, and British people would not be happy to
admit failings in other areas, such as reading.
However, despite many campaigns and noticeably
higher earnings for people with mathematical
qualifications, people still go around saying, ‘Il am
no good at maths . . .". Alan Stevans of the Insti-
tute for Mathematics and its Applications says, ‘I
hear the general public saying it, and particularly
journalists on television — newsreaders say they’ve
always been rubbish at it — as if they're proud of it'".

Worryingly, this extends to the highest levels.
When Randolph Churchill was Chancellor of the

‘I'm no good at maths . . .

Exchequer in the nineteenth century, he said of
decimal points, ‘I could never make out what
those damned dots meant’. A century later his suc-
cessor Gordon Brown said while visiting a school,
‘I did maths at school and for a year at university,
but don’t think | was ever very good at it'.

Marcus de Sautoy said that, ‘It's bizarre why
people are prepared to admit that . . . (they) can't
think logically’ and he sums up his attitude saying,
‘I would rather do business with someone who
admits they’re good at maths’.

Sources: Geoghegan T., How to solve the British maths
problem? BBC News Magazine, 4/6/2008 and at www.
news.bbc.co.uk: www.manchesterevening news.co.uk.
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CHAPTER REVIEW

This chapter introduced the idea of quantitative analysis and the use of num-
bers in everyday life.

m Numbers have two major advantages. Firstly, they give a clear, concise and
objective measure of a feature; secondly, we can use them in calculations.

m Business problems almost invariably have some numerical features.
To deal with these, managers need some appreciation of quantitative
methods. This does not mean that they have to be expert mathematicians,
but they must have a basic understanding of the principles.

m Quantitative methods normally use symbolic models, which represent real
features by symbols. In particular, they use equations to describe real
problems.

m A general approach to problem-solving has four stages: identifying a
problem, analysing it, making decisions and implementing the results.
Quantitative methods form a key part of the analysis stage.

m Computers do the routine arithmetic for quantitative methods using stand-
ard software, particularly spreadsheets — but you still need some feel for
the calculations and results.

S5 10b)4A Hamerson and Partners

Albert Hamerson is Managing Director of his
family firm of builders’” merchants. He is the third
generation to run the company and is keen for his
daughter, Georgina, to join him when she leaves uni-
versity. Georgina is also keen to join the company,
but she is not sure what kind of job she wants.

Hamerson and Partners is essentially a whole-
saler. They buy 17,000 different products from
1,100 manufacturers and importers, including all
the usual materials needed by builders. Their main
customers are small building firms, but they have
some long-term contracts with bigger organisa-
tions, and many one-off and DIY customers. The
company works from four sites around Dublin and
Cork and employs over 300 people.

Georgina feels that the company is getting
behind the times. She assumed that computers
would reduce the amount of paperwork, but when
she goes into company offices she is surprised at
the amount of paper. For instance, she thought
that most orders would be collected automatically
through the company’s website, but she saw that
they were also written on scraps of paper, printed
forms, faxes and downloaded e-mails. When she
walks around the stores, things still seem to be
organised in the way they were 20 years ago.

Georgina has several ideas for improvements —
many emerging from her university studies in
mathematics and business. She wants to develop
these ideas, and imagines herself as an ‘internal
consultant’ looking around the company, finding
areas for improvement and doing projects to
make operations more efficient. One problem is
that her father has had little contact with quanti-
tative analyses beyond reading the company
accounts. He makes decisions based on experience
gained through 35 years of work with the com-
pany and discussions with staff. He is not sure that
Georgina’s mathematical training will be of any
practical value.

After some discussion, Georgina agreed to
write a report describing the type of problem that
she could tackle. She will outline her approach to
these problems and the benefits the company
could expect. Then she will spend some time in
her next vacation looking in more detail at one of
these problems.

Question

m If you were in Georgina’s position, what would
you put in your report? What benefits do you
think that she could bring to the company?
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PROBLEMS

The answers to these problems are given on the companion website: www.pearsoned.co.uk/waters

1.1 At last year's Southern Florida Amateur Tennis
Championships there were 1,947 entries in the
women’s singles. This is a standard knockout
tournament, so how many matches did the
organisers have to arrange?

1.2 European coins have denominations of 1, 2, 5,
10, 20 and 50 cents, and 1 and 2 euros. What is
the smallest number of coins needed to pay
exactly a bill of €127.87?

1.3 Sally was pleased when a meal at the Golden
Orient restaurant appeared to cost $28 for food
and $16 for drinks. Unfortunately, her final bill
added 15% alcohol duty, 10% service charge,
12% federal tax, 6% state tax and 2% city tax.
How much did she pay for extras, and what was
her final bill?

1.4 A family of three is having grilled steak for
dinner, and they like to grill their steaks

RESEARCH PROJECTS

1.5

1.6

1.7

for 10 minutes on each side. Unfortunately,
the family’s grill pan is only big enough

to grill one side of two steaks at a time.
How long will it take to cook dinner?

A shopkeeper buys an article for £25

and then sells it to a customer for £35.

The customer pays with a £50 note. The
shopkeeper does not have enough change,
so he goes to a neighbour and changes
the £50 note. A week later the neighbour
tells him that the £50 note was a forgery,
so he immediately repays the £50. How
much does the shopkeeper lose in this
transaction?

Devise a scheme for doctors to assess how bad
a stomach pain is.

Design a fair system for electing parliamentary
candidates.

1.1 It might seem an exaggeration to say that every
problem that managers tackle has a quantitative
aspect. Do a review of the types of decisions
made by managers, and see if you can find
examples of problems that are purely
qualitative.

1.2 You can use computers for any of the arithmetic
described in this book, and it would be
particularly useful to have a spreadsheet with

13

good graphics. Make sure that you are familiar
with the computers and software available, and
know how to use them.

The following table shows the number of units
of a product sold each month by a shop, the
amount the shop paid for each unit, and the
selling price. Use a spreadsheet to find the total
values of sales, costs, income and profit. What
other analyses can you do?
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Year 1 Year 2
Month Units Unit cost Selling Units Unit cost Selling

sold to the shop price sold to the shop price
January 56 120 135 61 121 161
February 58 122 138 60 121 161
March 55 121 145 49 122 162
April 60 117 145 57 120 155
May 54 110 140 62 115 150
June 62 106 135 66 109 155
July 70 98 130 68 103 156
August 72 110 132 71 105 157
September 43 119 149 48 113 161
October 36 127 155 39 120 161
November 21 133 161 32 126 160
December 22 130 161 25 130 160

Remember that the data sets used in the book
are all given in the resources of the companion
website www.pearsoned.co.uk/waters.

1.4 Many websites give tutorials on the different
types of quantitative problems faced by

Sources of information
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Useful websites

The general website accompanying this book is at
www.pearsoned.co.uk/waters. This contains a lot of
useful information, including a list of other useful
websites.

You can find details of software from suppliers’ sites,
such as www.microsoft.com and www.IBM.com.
There is a huge amount of information on the Web,
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www.bing.com, www.google.com, www.lycos.com,
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Chapter outline

The following chapters describe quantitative methods that are widely used by
managers. But before looking at these in detail, you have to be happy with
some basic tools of arithmetic. This chapter reviews these tools. You have
probably met these before, and can move through this chapter fairly quickly.
On the other hand, you might find some new material and want to spend
more time on it.

It is important that you understand the material in this chapter because it is
used throughout the rest of the book. If you have any problems, it is worth spend-
ing time sorting them out. You might want more information on some topics
and you can find suggestions for further reading at the end of the chapter.

After finishing this chapter you should be able to:

understand the underlying operations of arithmetic
work with integers, fractions, decimals and percentages
round numbers to decimal places and significant figures
understand the principles of algebra

solve an equation to find a previously unknown value
appreciate the use of inequalities

understand the principles of simultaneous equations
use algebraic methods to solve simultaneous equations
work with powers and roots

describe numbers in scientific notation

use logarithms.
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- Working with numbers

This chapter reviews the basic tools of arithmetic. For this review our only
assumption is that you are familiar with numbers and can do simple calcula-
tions. You can see that:

m If you buy 10 loaves of bread costing 92 pence a loaf, the bill is £9.20.

m If you drive a car at 80 kilometres an hour, it will take 5 hours to travel
400 kilometres.

m If you spend €500 a month on housing, €200 a month on food and enter-
tainment, and €300 a month on other things, your total expenditure is
€1,000 a month, which is the same as €12,000 a year or €230.77 a week.

m If a company has a gross income of $2 million a year and costs of $1.6
million a year, it makes a profit of $400,000 a year.

Arithmetic

There are four basic operations in arithmetic: addition, subtraction, multi-
plication and division. We describe these with the notation:

= + addition eg.2+7=9

m — subtraction eg.15-7=8
= x multiplication e.g.4x5=20
m / division eg.12/4=3

There are variations on this notation, and you will also see:

m division written as 12 +4 =3 or 12/4 =3
m multiplication written as 4.5 = 20 or 4(5) = 20.

Calculations are always done in the same order, with multiplication and divi-
sion done before addition and subtraction. If you see 3 + 4 x 5, you do the
multiplication first to give 3 + 20 = 23. Whenever there is any doubt about
the order of arithmetic, you can put brackets around the parts of the calcula-
tion that are done together. Then:

(3+4)x5=7x%x5
=35

while

3+(4x5)=3+20
=23

Calculations in brackets are always done first, so the general order of calcula-
tion is:

1 Calculations inside brackets, starting from the inside set and working outwards
2 Raising to powers (which we mention later in the chapter)

3 Multiplication and division in the order they appear

4 Addition and subtraction in the order they appear
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So:

12x2+44+2=24+4+2
=30

And we can use brackets to change the order of calculation, so that:

12x(2+4+2)=12x38
=96

and

12x(2+4)+4=12x6+4=72+4
=76

If one set of brackets is not enough, you can ‘nest’ more sets inside others.
Calculations always start with the inside set of brackets and work outwards,
so that:

((32/72)+(6/3))-1=(16+2)-1=18-1
=17

while

(32/(2+6))/(3-1)=(32/8)/2=4/2

2

Calculations with a lot of brackets look messy, but you should have no prob-
lems if you always take them in the standard order.

Numbers are either positive when they are above zero, or negative when
they are below zero. So +10 is positive (but the positive sign is usually
implicit, so we write this as 10), and —10 is negative. You should remember
three things about negative numbers. Firstly, adding a negative number is the
same as subtracting a positive number, so:

8+ (-5)=8—-(+5)=8-35
=3

Secondly, when you multiply or divide a positive number by a negative
number, the result is negative:

4%(-2)=-8 and 15/(-5)=-3

Thirdly, when you multiply or divide two negative numbers, the result is
positive:

(—4)x (-2)=8 and (-15)/(-5)=3

To summarise this:

positive X positive = positive positive + positive = positive
positive X negative = negative positive + negative = negative
negative X negative = positive negative + negative = positive
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WORKED EXAMPLE 2.1

What are the values of: Solution

(a) (10+20)-(3x7)?

(b) ((-2x4)x (15 -17)) x (-3)?
() 20-5)x(30/(2+1))?

(@ (10+20) - (3x7)=30-21

=9
(b) (2 x 4) x (15 - 17)) x (-3) = ((-8) x (-2)) x (-3)
=16 x (-3)
=-48
() 20-5)x(30/(2+1)=15%x(30/3)=15x%x 10

=150

Fractions and decimals

The numbers in Worked example 2.1 are integers, which means that they are
whole numbers, such as 20, 9 and 150. To make long numbers easier to
read, we usually divide them into groups of three digits separated by com-
mas, such as 1,234,567. Some people prefer spaces to commas, so you also
see 1234 567.

When we divide integers into smaller parts, we get fractions. For example,
when two people share a bar of chocolate they get a half each. We can
describe fractions as either:

m common fractions (invariably just described as ‘fractions’) — such as < or +
m decimal fractions (usually described as ‘decimals’) — such as 0.5 or 0.25.

You meet decimals more often, as they are the standard format for calcula-
tors and computers. But fractions can save a lot of effort with certain problems.
The top line of a fraction is the numerator, and the bottom line is the
denominator:

) numerator
fraction = ———8———
denominator

If you multiply or divide both the numerator and the denominator by the
same amount, the fraction keeps the same value. So 5/10 is the same as 1/2
(dividing both the numerator and the denominator by 5) or 20/40 (multiply-
ing both by 4).

To change fractions into decimals, you divide the numerator by the
denominator, so that + is 1 divided by 4, which is 0.25. To change a decimal
with one digit to a fraction, you put the number after the decimal point over
10, so 0.6 = 6/10 = 3/5. If there are two digits after the decimal point you put

them over 100 [so 4.59 = 4%], if there are three digits you put them over
1000 | s0 12.273 =12 273 and so on.
1000
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WORKED EXAMPLE 2.2

Describe as decimal fractions: (a) 5/4, (b) 38/8,
(c) -12/16.
Describe as common fractions: (d) 0.4, (e) 3.75,
(f) 6.125.

Solution
Using long division (or preferably a calculator) you
can see that:

(a) 5/4=1.25
(b) 38/8=19/4
=4.75

() —12/16=-3/4
=-0.75

Expanding the decimal fraction gives:

(d) 0.4=4/10
=2/5
75
75=3——
(e) 3.75 3100
=33
125
(f) 6.125—6W
=63

To multiply fractions together, you multiply all the numerators together to
give the new numerator, and you multiply all the denominators together to

give the new denominator.

WORKED EXAMPLE 2.3

Find the values of: (a) 1/2 x 1/5, (b) 1/4 x 2/3,
(c) -1/4 x 2/3 x 1/2.

Solution
Multiplying the numerators together and the
denominators together gives:

(@ 172x1/5=(1x1)/(2x5)
=1/10
(b) 1/4x2/3=(1x2)/(4x3)=2/12
=1/6
() =1/4x2/3x1/2=(-1%x2x1)/(4x3x2)=-2/24
=-1/12

To divide one fraction by another, you invert the fraction that is dividing
and then multiply the two together. (This might seem rather strange until you
work out what is actually happening.)

WORKED EXAMPLE 2.4

Find the values of: (a) (3/5) + (4/5), (b) 3/6 x 2/5 + 3/7,
(c) 2/5 =+ 16/4.

Solution
Inverting the dividing fraction and then multiplying
gives:

(a) (3/5) = (4/5)=3/5x5/4=(3x5)/(5x%x4)=15/20
=3/4
(b) 3/6 x 2/5 +3/7 =3/6 x 2/5 x 7/3
=(3x2x7)/(6x5x3)=42/90
=7/15
(c) 2/5+16/4=2/5x4/16=(2x4) /(5 x 16) = 8/80
=1/10

To add or subtract fractions, you have to adjust the fractions until they all
have the same denominator. In other words, you take each fraction in turn
and multiply the top and bottom by the number that gives this common
denominator — and then you add or subtract the numerators.
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WORKED EXAMPLE 2.5

Find the values of: (a) 1/2 + 1/4, (b) 1/2 + 4/5, (b) This time the easiest denominator for both

(c) 3/4 - 1/6. fractions is 10, which we get by multiplying
the top and bottom of the first fraction by 5
Solution and the second fraction by 2. Then:

(@) We have to get the same denominator for
both fractions. The easiest value is 4, and to
get this we multiply the top and bottom of the
first fraction by 2. Then: (c) Here the easiest denominator is 12, which we

3 B _ get by multiplying the top and bottom of the
12+ /4 ~ gﬂ;; Va=@+1/a=3/ first fraction by 3 and the second fraction by 2,
e giving:
3/4-1/6=9/12-2/12=7/12
=0.583

1/2 +4/5=5/10 + 8/10 = 13/10
=13

Calculations with fractions soon becomes very messy, so if you are doing
a lot of arithmetic it is easier to work with decimals — and, of course, to use a
computer or calculator.

WORKED EXAMPLE 2.6

A Canadian visitor to Britain wants to change $350 Solution
into pounds. The exchange rate is $1.94 to the $350 is equivalent to 350 / 1.94 = £180.41. Then
pound and the bank charges a fee of £10 for the the bank takes its fee of £10 to give the visitor
conversion. How many pounds does the visitor get? £170.41.

Percentages give another way of describing fractions. These are fractions
where the bottom line is 100, and the <100’ has been replaced by the abbre-
viation ‘%’. If you hear that ‘60% of the electorate voted in the last election’,
you know that 60/100 or 60 people out of each 100 voted. We can represent
this as:

®m a common fraction: 60/100 = 3/5
m a decimal fraction: 0.6
E a percentage: 60%.

To describe one figure as a percentage of a second, you divide the first figure
by the second and multiply by 100. So to describe 15 as a percentage of 20,
you calculate 15 /20 x 100 = 0.75 x 100 = 75%: to describe 7 as a percent-
age of 28, you calculate 7/28 x 100 = 0.25 x 100 = 25%.

To find a given percentage of a number, you multiply the number by the
percentage and divide by 100. So to find 25% of 200, you calculate 200 x 25 /
100 = 50: to find 45% of 80, you calculate 80 x 45 / 100 = 36: to find 100%
of 65, you calculate 65 x 100 / 100 = 65. The last of these results is useful
because it reminds us that 100% of something is all of it — and when you
hear that someone ‘gives 110% of their effort’ you recognise this as nonsense.



Working with numbers 25

On the other hand you can spend 110% of your income in the short term,
but it is certainly time to worry about the longer term!

WORKED EXAMPLE 2.7

Find: (a) 17/20 as a percentage, (b) 80% as a frac-
tion, (c) 35% as a decimal, (d) 40% of 120, (e) 36
as a percentage of 80, (f) if the price of a $25 book
rises by 10%, what is its new price?

Solution
(a) Multiplying the top and bottom of the fraction
by 5 shows that 17/20 = 85/100 = 85%.

WORKED EXAMPLE 2.8

If you multiply 20% of 50 by 1/4 of 60 and divide
the result by 0.25 of 80, what answer do you get?

(b) 80% = 80/100

=4/5
() 35% =35/100
=0.35
(d) 40% of 120 =120 x 40/ 100 = 4800 / 100

=48
(e) 36/80 x 100 = 45%
(f) 10% of $25 =25 x 10/ 100 = $2.50, so the new
price is 25 + 2.50 = $27.50

Solution
Doing this in stages:

20% of 50 =50 x 20/ 100 = 10
1/4 of 60 =(1/4) x 60 =15
0.25 of 80 = 0.25 x 80 = 20

Then the calculation is:

(10x15)/20=150/20=7.5

Rounding numbers

If you calculate 4/3 as a decimal, the answer is 1.333333333 ... where the
dots represent an unending row of 3s. For convenience, we round such num-
bers to one of the following:

m A certain number of decimal places, showing only a reasonable number of
digits after the decimal point. Rounding to two decimal places gives 1.33.

m A certain number of significant figures, showing only the most important
digits to the left. Rounding to four significant figures gives 1.333.

By convention, when rounding to, say, two decimal places and the digit in the
third decimal place is 0, 1, 2, 3 or 4, we round the result down; when the digit
in the third decimal place is 5, 6, 7, 8 or 9, we round the result #p. Then 1.64
becomes 1.6 to one decimal place, while 1.65 becomes 1.7; similarly, 12.344
becomes 12.34 to four significant figures, while 12.346 becomes 12.35.

The purpose of rounding is to give enough information to be useful, but
not so much as to overwhelm us with detail. There is no rule for choosing the
number of decimal places or significant figures, except the rather vague
advice to use the number that best suits your purpose. When people ask how
tall you are, you probably give an answer to the nearest centimetre or inch;
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employers might quote salaries rounded to the nearest thousand pounds; the

po

pulations of towns are often rounded to the nearest 10,000; major com-

panies report their profits to the nearest million pounds. So two useful guide-

lin

es for rounding are:

Give only the number of decimal places or significant figures that is useful.
For instance, it never makes sense to quote a figure of £952.347826596
and we generally round this to £952.35 — or £952, £950 or £1,000
depending on circumstances.

Results from calculations are only as accurate as the data used to get
them. If you multiply a demand of 32.63 units by a unit cost of €17.19,
you should quote the total cost to at most two decimal places. So you
should not describe the result as 32.63 x 17.19 = €560.9097, but you
should describe it as €560.91 (or €561, €560 or €600, again depending
on the circumstances).

WORKED EXAMPLE 2.9

What is 1,374.3414812 to (a) four decimal places,
(b) two decimal places, (c) four significant figures,

(d) two significant figures

IDEAS IN PRACTICE

Solution

(a) 1,374.3415 when rounded to four decimal
? places

(b) 1,374.34 to two decimal places

(c) 1,374 to four significant figures

(d) 1,400 to two significant figures

T.D. Hughes Ltd

Review questions [Pl

T.D. Hughes Ltd are retailers of high-quality furni-
ture, and they sell a particular dining room table
for £8,000. Last summer they had some difficulty
with supplies and raised the price of the table by
20%. When supplies returned to normal, they
reduced the higher price by 20% and advertised
this as part of their January sale.

Some customers were not happy with this deal,
saying that the company had only returned the
table to its original price. But company managers
pointed out that increasing the original price by

20% raised it to 120% of £8,000, which is (120 /
100) x 8,000 = £9,600. Then reducing the higher
price by 20% took it down to 80% of £9,600 which
is (80 / 100) x 9,600 = £7,680. There was a genuine
reduction of £320 or a proportion of 320/8,000 =
4%. If they had wanted to return the table to its
original price, they would have reduced it by the
proportion 1,600/9,600, which equals 16.67 / 100
or 16.67%.

Source: company promotional material.

Why should you do any calculations by hand, when computers can do them

more easily and accurately?

2.2

2.3
format?

2.4
figures?

What is the value of: (a) (-12) / (=3), (b) (24/5) + (3/7), (c) (2 - 4) x (3-6))/ (7 = 5)?
What is the difference between 75%, 3/4, 15/20 and 0.75? Which is the best

What is 1,745,800.36237 rounded to three decimal places and to three significant
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- Changing numbers to letters

Suppose you want to see how the cost of running a car depends on the dis-
tance you travel. In one month you might find that you drive 6,000 km at a
total cost of £2,400. Then you find the cost per kilometre by dividing the
cost by the number of kilometres travelled, giving 2,400 / 6,000 = £0.40 per
kilometre. In general, this calculation is:

total cost

cost per kilometre number of kilometres travelled

Rather than writing the equation in full, you can save time by using some
abbreviations. You can abbreviate the total cost to T, which is simple and
easy to remember. And you can abbreviate the cost per kilometre to C and
the number of kilometres travelled to K. Putting these abbreviations into the
general equation gives:

C=I=T/K
K

Now you have an equation relating the variables in a general, concise and
accurate form. The only difference from the original equation is that you have
used letters to represent quantities. This is the basis of algebra — which uses
symbols to represent variables and to describe the relationships between them.

You can substitute known values into an equation. For example, if you
find that over a certain period the total cost (T) is €600 to travel 1,000 km
(K) we can say that:

C=T/K=600/1,000 = 0.6, or more fully €0.6 per km

We chose the abbreviations C, T and K to remind us of what they stand for.
We could have chosen any other names, perhaps giving:

c=tlk

y=x/z

COST = TOTAL / KILOM

COSTPERKM = TOTALCOST / KILOMETRES

Provided the meaning is clear, the names are not important. But if you want
to save time, it makes sense to use short names, such as a, x and N. How-
ever, one thing that you have to be careful about is the assumption in algebra
that adjacent variables are multiplied together — so a x b is written as ab,
4 x ax b xciswritten as 4abc, a x (b + ¢) is written as a(b + ¢), and (a + b) X
(x — ) is written as (a + b)(x — y). This causes no problems with single-letter
abbreviations but can be misleading with longer names. If you abbreviate the
total unit cost to TUC, it makes no sense to write an equation:

TUC = NTUC
when you really mean
TUC=NxTxUC

With algebra we only replace specific numbers by general names, so all
aspects of the calculations remain the same. In particular, there are still the
four basic operations (addition, subtraction, multiplication and division) and
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they are done in the same order (things inside brackets, raising to powers,
multiplication and division, and then addition and subtraction).

We can use the example of the cost of driving a car to illustrate another
important point. The cost per kilometre is essentially fixed and a driver can-
not change it — so in the equation above C is constant. However, the number
of kilometres travelled, K, and the total cost, T, can both vary. So equations
describe the relationships between:

m constants — which have fixed values, and
m variables — which can take different values.

WORKED EXAMPLE 2.10

What is the equation for the percentage of people
who voted in an election? What is the percentage
if 55,000 people were eligible to vote and 23,000
actually voted?

Solution

We have to take the number of people who actu-
ally voted, divide this by the number of people
who could have voted, and then multiply the
result by 100. This is rather long-winded, so we
can use some abbreviations, starting by defining:

WORKED EXAMPLE 2.11

How would you calculate: (a) 10(x + 2) when x =7
(b) wix +y), (c) p — (s — 2t), (d) (@ + b)(c + d)?

Solution
(a) The equation shows that we multiply 10 by (x +
2) and we know that x = 7, so we can say that:

10x+2)=10x(x+2)=10x(7+2)=10x%x9
=90
(b) Here we have to multiply everything inside the
brackets by w, so:
w(x + y) = wx + wy

You can always check your results by substituting
test values, such as w=2, x=3 and y=4. Then:

wix+y)=2@+4)=2x7=14
wx+wy=2x3)+(2x4)=6+8
=14

(c) The minus sign before the brackets means
that we effectively have to multiply everything
inside the brackets by —1, giving:

p-(-2t)=p+(-1)x(s—2t)=p—5s+2t

v = the number of people who actually voted
n =the number of people who could have voted
p =the percentage of people who actually voted

Then the calculation is:
p=(v/n)x 100

If we know that n = 55,000 and v = 23,000, we can
substitute these into the equation to give:

p =(v/n)x 100 = (23,000 / 55,000) x 100
=0.418 x 100
=41.8%

(d) Here the two expressions inside brackets are
multiplied together, so we have to multiply
everything inside the first bracket by every-
thing inside the second bracket. The easiest
way to arrange this is:

(@+b)(c+d)=(a+b)x(c+d)
=ax(c+d)+bx(c+d)
= (ac + ad) + (bc + bd)
=ac+ad + bc+ bd

Remember that you can always check the results
of algebra by substituting trial values. Here we
can take trial valuesofa=1,b=2,c=3and d =4.
Then the original equation has:

@+b)x(c+d)=(1+2)x(3+4)=3x7
=21l
And our solution has:

ac+ad+bc+bd=1x3+1x4+2x3+2x4
=3+4+6+8
=21

The two answers are the same, so our algebra is
clearly correct.
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WORKED EXAMPLE 2.12

A department has an annual budget of $200,000,
which it divides between capital expenditure (C),
running costs (R) and overheads (0). How can you
describe its expenditure?

Solution
Total expenditure is C + R + O and this must be less
than or equal to the budget, so:

C+ R+ 0<200,000

CEUEVRGIESGHEN 2.5 Why do managers use algebra?

2.6 Isthe order of doing algebraic calculations always the same?

2.7 What is the difference between a constant and a variable?

2.8 s it better to write an equation in the form speed = distance / time, SPD =

DST/TMEorS=D/T?

- Solving equations

An equation shows the relationship between a set of constants and variables
— saying that the value of one expression equals the value of a second expres-
sion. We can use an equation to find the value of a previously unknown
constant or variable. This is called solving an equation.

You can use an equation to find one unknown value. You do this by re-
arranging the equation so that the unknown value is on one side of the equals
sign, and all known values are on the other side. To rearrange an equation
you have to remember that it remains true when you do the same thing to
both sides — so you can add a number to both sides, or multiply both sides by
a constant, and so on. Returning to the equation for the cost of running a
car, C=T /K, we can multiply both sides of the equation by K and get:

CxK:IxK
K

Here the right-hand side has K / K. When you divide anything by itself you
get 1, so we can cancel — or delete — the K/ K to give T = C x K. Dividing
both sides of this new equation by C gives:

I=C><E or K:I
C C C
All three forms are simply rearrangements of the first equation, and if you

know two values you can use the appropriate form to find the third.

WORKED EXAMPLE 2.13

Suppose thata + b=c+ d, whena=2, b=6 and
c=3. How can you solve the equation?

Solution

You solve the equation to find the unknown value
of d, from the other known values. For this you
rearrange the equation to get d on one side of

the equals sign and all the other variables on the
other side. Specifically, you can subtract ¢ from
both sides to get:

d=a+b-c
and then substituting the known values gives:
d=2+6-3=5
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WORKED EXAMPLE 2.14

Rearrange the following equation to find the
value of ywhena=2,b=3and c=4:
(2a-7) (3b-5)
6y  2c

Solution

The unknown variable is y, so we have to re-
arrange the equation to put y on one side and
all the known values on the other side. We can
start by multiplying both sides of the equation by
(6y x 2c) to get everything on one line:

(2a — 7)(6y x 2¢) B (3b — 5)(6y x 2¢)
6y B 2c

Cancelling the 6y from the left-hand side and the
2c¢ from the right-hand side gives:

(2a-7)x2c=(3b-5) x 6y
or
2c(2a - 7) = 6y(3b - 5)
Then we can separate out the y by dividing both
sides by 6(3b — 5):
_2c(2a-7)
Y="6B3b-5)
Substitutinga=2, b=3 and c=4:
_@2x42x2-7)
~ 6(3x3-5)
_8x(-3) _

=i
24

Notice that you can find only one unknown value from a single equation.
So if an equation has two unknowns, say, x + y = 10, you cannot find values
for both x and y. If you have several unknowns, you need several equations
to find all of them (which we discuss in the next section). And remember that
an equation works only if the units are consistent, so you have to be careful to
use the same units (say hours, tonnes and dollars) in all parts of the equation.

WORKED EXAMPLE 2.15

Last October the Porth Merrion Hotel paid £1,800
for heat and power, with heat costing £300 more
than double the cost of power. How much did
power cost?

Solution

If we call the cost of power in the month P, then
the cost of heat is 2P + 300. The hotel’s total cost is
P for power plus 2P + 300 for heat, and we know
that this came to £1,800, so:

P+ 2P+ 300 =3P + 300 = 1,800
Subtracting 300 from both sides gives:
3P =1,500
or
P = £500

Power cost £500 and heat cost 2P + 300 = 2 x 500 + 300
=£1,300.

Worked example 2.15 shows that the steps in solving an equation are as

follows:

=N

Define the relevant constants and variables.

2 Develop an equation to describe the relationship between them — which builds a model of

the problem.

3 Rearrange the equation to separate the unknown value from the known values.
4 Substitute the known values to solve the equation.
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WORKED EXAMPLE 2.16

Sempervig Securitas employs 10 people with costs
of €500,000 a year. This cost includes fixed over-
heads of €100,000, and a variable cost for each
person employed. What is the variable cost? What
is the total cost if Sempervig expands to employ
20 people?

Solution

If we let t = total cost per year, o = annual over-
heads, v = variable cost per employee, and n =
number of people employed, then the total cost
is:

total cost = overheads + (variable cost
x number employed)

or

t=0+vn

WORKED EXAMPLE 2.17

1,200 parts arrived from a manufacturer in two
batches. Each unit of the first batch cost $37,
while each unit of the second batch cost $35. If
the total cost is $43,600, how many units were in
each batch?

Solution

If we let f be the number of units in the first
batch, the number of units in the second batch is
(1,200 — f) and the total cost is:

Inequalities

We know the values for t, o and n, and we want
to find v. So we rearrange the equation by sub-
tracting o from both sides to give t — o = nv, and
then dividing both sides by n:

t—-o
V=
n

Substituting the known values:

~ 500,000 — 100,000
B 10

=%€40,000 a year for each employee.

If the company expands, we find the new total
cost, t, by substituting known values for v, o and n
in the original equation:

t=0+vn = 100,000 + 40,000 x 20
=€900,000 a year.

37f + 35(1,200 — f) = 43,600
So

37f + 42,000 — 35f = 43,600
37f — 35f = 43,600 — 42,000
2f = 1600
f =800

The first batch had 800 units and the second batch
had 1,200 — 800 = 400 units.

Sometimes we do not have enough information to write an equation, but we
may still be able to describe some sort of relationship. For example, we might
not know the rate of inflation exactly, but we know that it is less than 4%.
We can describe this as an inequality. There are five types of inequality:

B a<b means that ais less than b

®m a<b means that ais less than or equal to b

® a>b means that ais greater than b

® a>b means that a is greater than or equal to b
® a#b means that a is not equal to b.

Then we can write inflation < 4%; profit > 0 to show that it is always positive;
and €1,000 < cost < €2,000 shows that the cost is between €1,000 and

€2,000.
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As with equations, inequalities remain valid if you do exactly the same
thing to both sides. So you can multiply, divide, add and subtract anything,
provided you do it to both sides. If you take a basic inequality x >y, add 20
to both sides, multiply the result by 2, and divide by a, you still get valid
inequalities:

x+202y+20
2x +40 22y +40
(2x+40)/a=(2y+40)/a

However, there is one awkward exception to this rule — when you multiply
or divide both sides by a negative number, you have to change the direction
of the inequality. We can show why this happens with the obvious statement
that 3 > 2. If you just multiply both sides by —1, you get the false statement
that =3 > -2, but changing the direction of the inequality gives the correct
version of -3 < 2.

WORKED EXAMPLE 2.18

What can you say if (a) 6x—4>4x+3, (b) y/(-3) >4? (b) We have to be a little more careful here.

We can multiply both sides by -3, but must

Solution remember to change the direction of the
(a) Rearranging this in the usual way gives: sign:
6x—4>4x+3 or 6x—-4x>3+4 y/(-3)>4 meansthat y<4x(-3)
so or
2x27 or x23.5 y<-12

Review questions 2.9 What is meant by ‘solving an equation’?

2.10 Can you solve an equation of the form y = 4x + 3, where both x and y are
unknown?

2.11 If you know values for p, g and r, how could you solve the following equations?

(@) 4r/(33-3x)=q/2p
(b) (q—4x)/2q-7p/r=0

2.12 What is an inequality?

- Simultaneous equations

You can solve an equation to find the value of one previously unknown vari-
able. But when you want to find values for several unknown variables, you
have to use more than one independent equation. Specifically, to find values
for n variables, you need n independent equations relating them. For
instance, suppose that you have two unknowns, x and y. If you know only
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that x + y = 3, you cannot find values for both x and y. But if you also know
that y — x = 1, then you have two independent equations relating the vari-
ables and can find values for both of them (here x =1 and y = 2).

In this sense ‘independent’ means that the two equations are not simply
different ways of saying the same thing. For instance:

x+y=10 and x-10=y

are not independent because they are different forms of the same equation.
Similarly:

x+y=10 and 2x+2y=20

are not independent — again, they are simply different forms of the same
equation.

m Independent equations that show the relationship between a set of variables are called
simultaneous equations.
m Solving simultaneous equations means that you find values for all the variables.

Solving simultaneous equations

Suppose that you have two unknown variables, x and y, related by two
simultaneous equations:

x-y=7 (1)
x+2y=6 (2)

You solve these to find the values of x and y. The easiest way of doing this is
to put one equation in the form ‘x = something’, and then substitute this
value for x into the second equation. Here you can write the first equation as

x=y+7

and substituting this in the second equation gives:
x+2y=6 or (y+7)+2y=16

Then
3y+7=16 so 3y=9 or y=3

This gives one variable, and if you substitute y = 3 back into the first equa-
tion you get:

x—y=7 so x—-3=7 or x=10

giving the value of the second variable. You can check these values, x = 10
and y = 3, in the second equation, giving:

x+2y=10+2%x3=16 v

which confirms the result.

Unfortunately, this method of substitution becomes very messy with more
complicated equations. An alternative approach multiplies one equation by a
number that allows the two equations to be added or subtracted to eliminate
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one of the variables. When one variable is eliminated, we are left with a
single equation with one variable — which we can then solve. Then sub-
stituting this value into either of the original equations gives the value of the
other variable. This sounds rather complicated, but it is easy to follow in an
example.

WORKED EXAMPLE 2.19

Two variables, x and y, are related by the equations:
3y=4x+2 (1)
y=—x+10 2)

What are the values of x and y?

Solution

If you multiply equation (2) by 3, you get the
revised equations:

3y=4x+2 as before (1)
3y =-3x+30 (3)
Now subtracting equation (3) from equation (1):

3y — 3y = (4x + 2) — (-3x + 30)

This gives one variable, which you substitute in
one of the original equations, say (1), to give the
value for the other variable:

3y=4x+2
so
3y=4x4+2
y=6
You can check these answers in equation (2):
y=-x+10
or
6=-4+10 v

which confirms the solution.

=4x - (-3x) +2-30
SO

0=7x-28
x=4

You can always solve sets of proper simultaneous equations, but there are
two things that you have to be careful with. We have already mentioned the
first of these, which is that the equations must be independent. Suppose that
you have two equations:

2x+y=6 (1)

6x +9y =18 (2)

Multiplying equation (1) by 3 immediately gives equation (2), so there is
really only one equation and you cannot find two unknowns.
The second problem is a contradiction. Suppose you have:

x+y=7 (1)

2x +2y =12 (2)

Multiplying equation (1) by 2 gives 2x + 2y = 14 which contradicts the second
equation. Such a contradiction means that there is no feasible solution and
you have to assume that there is a mistake in one of the equations.
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WORKED EXAMPLE 2.20

What is the solution to the following set of simult- Subtracting equation (2) from equation (3) gives:
aneous equations?

3y=9ory=3
X+2y=7 (1) You can substitute this into one of the original
2x+y="5 (2) equations, say (1), to get the value for x:
. X+2y=17
Solution 4
Multiplying equation (1) by 2 gives the revised SO
equations: X+6=70rx=1
2x +4y =14 () Checking these answers in equation (2):
2x +y =75 as before (2) 2x+y=50r2+3=5 v

which is correct and confirms the solution.

Finding more variables

Simultaneous equations are not limited to two unknown values. You can
have any number, but to solve them you must have the same number of
simultaneous equations as unknowns. So if you have, say, four variables, you
need four simultaneous equations to find all the values. The method of solv-
ing these larger sets of equations is essentially the same as for two equations,
and you manipulate the equations until you can progressively find values.
Again, this sounds complicated, but is easy to see with an example.

WORKED EXAMPLE 2.21

Solve the simultaneous equations: Now you have two equations, (4) and (5), with
two unknowns, y and z, and you can solve them as

2x+y+2z=10 1 § !

XTy+ez M before. Adding equations (4) and (5) gives:
X—-2y+3z=2 (2)

8y=16o0ry=2

—X+y+z=0 3

e ) Substituting this value for y in equation (4)
Solution gives the value for z:

You can start by using equations (2) and (3) to 10-4z=6o0rz=1

limi h iable x f ion (1): _— .
CUTOETS A RETTE ol 3 eIt Vi (4 And substituting these two values for y and z into

B Multiplying equation (2) by 2 gives: equation (1) gives the value for x:
2x—4y+6z=4 2x+2+2=100rx=3
Subtracting this from equation (1) gives: Now you have x =3, y =2 and z = 1, and can
Sy—4z=6 (4) confirm these values by substituting them in
I ot (6 2 equations (2) and (3):
B Multiplying equation ives:
ping €q 29 3-4+3=2 v/ (2)
—2X+2y+2z=0
-3+2+1=0 v/ (3)

Adding this to equation (1) gives:
3y+4z=10 (5)
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Figure 2.1 Using the Excel ‘Solver’ tool to solve simultaneous equations

Clearly, this kind of arithmetic manipulation gets messy and it is easier
to use a computer. There are several approaches to this. One uses matrix
arithmetic, which is described in the additional material given in the website
for this book at www.pearsoned.co.uk/waters. Another uses standard soft-
ware specially designed for simultaneous equations (such as UltimaCalc,
Matrix ActiveX or Linear Algebra 2). A third option is to use a standard
spreadsheet tool, such as ‘solver’ in Excel. Figure 2.1 illustrates the type of
result you get when ‘solver’ tackles the problem above.

HEVENRCIES Y 2,13 What are simultaneous equations?

2.14 How many simultaneous equations would you need to find six unknown
variables?

2.15 If x+y=5and 2x = 14 - 2y, can you find values for x and y?

- Powers and roots

Sometimes you want to multiply a number by itself several times. For
instance, you may hear that the price of an item is doubling every year — and
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if its price is £1 this year, in future years its price will be £2, £4, £8, £16,
£32, £64 and so on. The conventional way of describing such repeated calcula-
tions is to use a superscript — or power — to show how many times you have
done the multiplication. When you multiply a variable & by itself twice you
get b, which is described as ‘b to the power 2’ or ‘b squared’. When you
multiply b by itself three times you get b, which is described as ‘b to the
power 3’ or ‘b cubed’. Then:

b to the power 1 =b = b'

b squared = b x b = b*
bcubed=bxbxb=">b

b to the fourth=bx b x b x b =b*

and in general,
b to the power n=bxbxbx ... (ntimes)=b"

Taking a specific value for b, say 3, we have:

3 to the power 1 =3'=3
3squared=3x3=3*=9
3cubed=3x3x3=3"=27

3 to the fourth=3x3x3x3=3*=81

and in general,

3 to the power =3 x 3 x 3 X... (n times) = 3"

Suppose that you want to multiply two powers together, such as b* x b*. You
can find the result by writing the calculation in full:

P*xbP=bxb)x(bxbxb)=bxbxbxbxb="5b

This illustrates the general rule that:

When multiplying, add the powers:
bm X bn = bm+n

For example, 4* x 4* = 4°, which you can confirm by expanding the calcula-
tion to 4> x 4* = 16 x 256 = 4,096 = 4°. In passing we should mention two
common errors, and emphasise that:

m b” + b" does not equal b X
m a"+ b" does not equal (a+ b)" X

You can check these by substituting, say, a=4, b=3,m =1 and n =2. Then:

m 0" +b"=3"+3*=1+9 =10 which does not equal b™" =3 =3*=27
®m a"+b"=4*+3"=16 + 9 = 25 which does not equal (a + b)"= (4 + 3)* = 7*
=49
To do a division, such as b° / b%, you can again find the result by writing the
calculation in full:
b _bxbxbxbxb
b bxb

This illustrates the general rule that:

=bxbxb=">b
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When dividing, subtract the powers:

For example, 5%/ 5% = 5*7 = 5!, which you can confirm by expanding the
calculation to 5%/ 5°=625/125=5= 5"

An interesting result comes when 2 = n. For example, when m =n = 3,
then:

b’ _bxbxb _

b bxbxb
but:

b 3-3 0

b—b =b

So b° = 1. This is a general rule that anything raised to the power 0 equals 1.

WORKED EXAMPLE 2.22

What are the values of (a) b* x b?, (b) b® = b% (c) (e) 3*+32=3%2=32
- b3, (d) 23 x 2% (e) 3%+ 32, (f) x(1 +x), (g) (b™)"? =9

(f) We have to multiply the first x by everything

Solution inside the brackets, giving:
Using the rules above: X(1T+x) =(xx1)+(xxx)
— 2
(a) b4 X b2 b4+2 b6 =X+X
(b) b®+b? = b2 =b* (9) To raise b™ to the power n, we multiply b™ by
(c) Trick question! You cannot simplify b® - b3 itself n times. But b™ is b multiplied by itself
(and it is not b%3, which would be b° / b3). m times, so now we are multiplying b by
(d) 22x22=232=2° itself mn times. This gives the general rule that
=32 (bm)n pmn.

WORKED EXAMPLE 2.23

Expand the expressions (a) (1 + b)? (b) (v — 1)(y +4), (b) We have to multiply everything inside the first

() (1+a)(1-a).

Solution

(a) The square applies to the whole bracket, so:

brackets by everything inside the second
brackets, giving:

(y=Dy+8)=y(y+4)-1(y+4)

=y +4y—-y-4
(1+b)?>=(1+b)x(1+b) =y’ +3y—-4
which we can expand to give: (c) Again we multiply everything inside the first

11+ b)+b(1+b)=(1+b)+(b+b?

brackets by everything inside the second
brackets:

(1+a)(1-a)=1(1-a) +a(1 -a)
=1-a+a-a
=1-a%

=1+2b+ b?
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Negative and fractional powers
The rule of division says that 6” / b" = b, but what happens when 7 is bigger
than m? If, say, n =4 and m = 2, we get b™ / b" = b* | b* = b** = b™* and we
have to interpret a negative power. To do this we can expand the calculation:
b bxb 1
b* bxbxbxb b
So b™* = 1/b*, which illustrates the general rule:

1
" =—
bn
One final point about raising to powers concerns fractional powers, such
as b"%. You can see how to interpret this from the work that we have already
done. If you square b you get:
b2 ¢ p12 = plaein
= b
=b
When you multiply 6 by itself you get b. But by definition, the number that
you multiply by itself to give b is the square root of b. So b"? must be the
square root of b, which we write as Jb. Now we have:

bO .5 bl/Z
In the same way we can show that:

m b"¥ = b which is the cube root of b (the number that gives b when
multiplied by itself three times)

m b"% = b" which is the fourth root of b (the number that gives b when
multiplied by itself four times)

m and so on.

We can extend this reasoning to more complex fractional powers. For example:
bl .5 b3/2 (bl/Z)
= (\b)’
b5 = b2 = (b12)°
= (Vb

WORKED EXAMPLE 2.24

What are the values of (a) 1/b% (b) b° x b, (c) 25" =425

(c) 252, (d) 9", (e) 8°7? =5

- (d) 9'5 = 932 — (912)3 = (\/6 )y =33
olution —27

Using the standard rules: () 8°67 = 823 — (8'3)2 =

(@) 1/b*=b"* =4

(b) b5 X b‘I/Z b5+1/2 b5 15 b1 172 (b1/2)11
= Wb)"
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WORKED EXAMPLE 2.25

If you leave £100 in the bank earning 6% interest,
at the end of n years you will have £100 x 1.06"
(we discuss this in Chapter 8). How much will you
have at the end of each of the next 10 years?

Solution
We could do these calculations separately:

m at the end of the first year you have 100 x 1.06'
=£106

m at the end of the second year you have 100 x
1.06% =100 x 1.1236 = £112.36,

® andso on.

However, it is much easier to use a spreadsheet
for this kind of repeated calculation. Figure 2.2(a)

shows the results for this example, while Figure
2.2(b) shows the formulae used in the calculations.
Notice that calculations in spreadsheets do not use
superscripts, so you have to use the symbol ” to
raise something to a power. Then a” becomes a’b,
32 becomes 372, and 5 raised to the power -2
becomes 52-2. (Alternatively, you can use the
standard spreadsheet function POWER(a,b) which
finds a°.)

The calculation in, say, cell B10 finds 1.06% For
this it takes the interest rate in cell B3, divides it
by 100 and adds 1 to get 1.06; raising this to the
power in cell A10 gives 1.06? and multiplying this
by the £100 in cell B5 gives the value at the end of
the second year in cell C10.

@ File Edit ‘iew Insert Format Tools Data ‘Window Help
DS @ Y BRB-F o- [T -F i i - 10
A22 v fx
B C D E F G
1 | Calculation of money value ' '
2
3 Interest rate (%) 6.0
4 [Years 10
5 Amount £100.00
B
7 Year Multiplier Amount
8|
9 1 1.0600  £106.00
10 2 1.1236 £112.36
11 3 1.1910  £119.10
12 | 4 1.2625  £126.25
13 5 1.3382  £133.82
14 6 1.4185  £141.85
15 7 1.5036  £150.36
16 | 8 1.5938  £159.38
17 9 1.6895  £168.95
18 10 1.7908 £179.08
19 |
20
21

|
23
24

Figure 2.2(a) Spreadsheet giving the results for Worked example 2.25
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Worked example 2.25 continued

(4] Fle Edt Vew Inset Format Tools Data  Window  Help

Dl $RA-<¢ T Z @ LA -0 B I UEEE

E3 - f

A B c D

1 Calculation of money value
2
3 Interest rate (%) 6
4 Years 10
5 Amount 100
]
7 Year Multiplier Amount
8
91 =(1+($B$3)/100) =B9*$B$5
10 2 =(1+($B$3)/100) A1O =B10*$B$5
11[3 =(1+($B$3)/100) ~A11 =B11*$B$5
12| 4 =(1+($B$3)/100) ~A12 =B12*$B$5
135 =(1+($B$3)/100) ~A13 =B13*$B$5
14| 6 =(1+($B$3)/100) ~A14 =B14*$B$5
157 =(1+($B$3)/100) ~A15 =B15*$B$5
16 8 =(1+($B$3)/100) ~A16 =B16*$B$5
1719 =(1+($B$3)/100) ~A17 =B17*$B$5
18 10 =(1+($B$3)/100) ~A18 =B18*$B$5
19
p.1]
21
2
23
24

Figure 2.2(b) Formulae for the calculations in Worked example 2.25

Scientific notation

We can use powers to give a convenient notation for very large and very
small numbers. This is scientific notation which is used in many calculators,
and describes numbers in the format:

ax10°

where

® g is a number between 1 and 10 (or —1 and —10 for negative numbers)

m b is a power of 10.

This notation uses the fact that 10' = 10, 10> = 100, 10° = 1000, and so on.
Then we can describe a number such as 120 by 1.2 x 100, which is 1.2 x 10

Similarly:

m12=1.2x10
=1.2 x 10!
= 1,200 = 1.2 x 1,000
=12x10°
= 12,000 = 1.2 x 10,000
=1.2x10*
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® 1,380,197.892 is about 1.38 x 10°
m The UK’s annual exports are about £3.9 x 10'".

You find b, the power of 10, by counting the number of places to the left that
the decimal point has to move. For example, with 15,762 the decimal point
moves four places to the left, so 10 is raised to the power 4, giving 1.5762 x 10*.

We can use the same notation to describe very small numbers, using the
fact that 101 = 0.1, 1072 = 0.01, 107 = 0.001, and so on. Then we can take a
number like 0.0012 and describe it as 1.2 x 0.001, which is 1.2 x 107,
Similarly:

m 0.12=1.2x0.1
=1.2x10"

m 0.012=1.2x0.01

=1.2x107
m 0.000012=1.2x0.00001

=1.2x107
m 0.00000429 =4.29 x 0.000001
=4.29x 10",

Here you find the power of 10 by counting the number of places to the right
that the decimal point has to move. For example, with 0.0057 the decimal
point moves three places to the right, so the 10 is raised to the power -3,
giving 5.7 x 107,

WORKED EXAMPLE 2.26

Use scientific notation for (a) 123,000, (b) two the power is positive; if it moves to the right the
million, (c) 0.05, (d) 0.000123. power is negative. Then:

Solution

(a) 123,000 = 1.23 x 10°
(b) two million = 2,000,000

The key thing is to count the number of places the —2%10°
decimal point has to move - if it moves to the left (©) 0.05=5x 10

(d) 0.000123 =1.23x 10™*

When computers use scientific notation they often use a slightly different
convention. In particular, the <10’ is replaced by the letter E, and this is fol-
lowed by the power that 10 is raised to. So 2 x 10* becomes 2E+04, 1.23 x 10°
appears as 1.23E+05, and 4.56 x 10~ becomes 4.56E—04.

Logarithms and the exponential function

One other format for numbers uses logarithms. Until calculators appeared,
these were the easiest way of doing some calculations, and they are still the
best way of solving certain types of problem. However, they are now used far
less frequently than in the past.

When we write 8 = 2*> we are representing one number (8) by a second
number (2) raised to a power (3). This is a surprisingly useful format, with
the general form:

n=>br
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The second number, b, is called the base, and the power, p, is called the loga-
rithm (usually abbreviated to ‘log’). So the logarithm of a number is the
power to which you raise the base to give the number. This is a messy state-
ment, but you can see how it works from these examples.

m 16 = 2% so the logarithm to the base 2 of 16 is 4, which means that you
raise the base 2 to the power 4 to give 16. We normally write this as
log,16 = 4.

® 9 = 32 so the logarithm to the base 3 of 9 is 2, which means that we raise
the base 3 to the power 2 to give 9, and we write this as log;9 = 2.

m 10° = 1,000, so the logarithm to the base 10 of 1,000 is 3, which we write
as log;,1,000 = 3.

When:
n=>b"
then:
p = log,n

In practice, only two types of logarithm are used much:
m Common logarithms use the base 10, so that:

y=logx meansthat x=10"

If you do not explicitly put in the base of the logarithm, it is assumed to
be 10.

m Natural logarithms use the base e, which is the exponential constant.
It seems very strange to use this number, which equals 2.7182818 and is
calculated from (1 + 1/n)", where n is a very large number. However,
it appears surprisingly often when, for example, you want to describe
random events, exponential growth or exponential decline. We meet it
several times in later chapters, but for now we will simply say that natural
logarithms are written as:

y=Inx meaningthat x=¢"

WORKED EXAMPLE 2.27

What are the values of (a) log,32, (b) log 1,000, 10° = 1,000, this is 3 and log 1,000 = 3. You can

(c) In 2? confirm this using the LOG10 function in Excel;
this has the format LOG10(number), so
Solution LOG10(1,000) and LOG(1,000,10) both return

(a) log,32 is the power to which you raise the base the value 3.

2 to give 32. As 2° = 32, this power is 5 and
log,32 = 5. You can confirm this using the LOG
function in Excel; this has the format
LOG(number,base), so LOG(32,2) returns the
value 5.

(b) log 1,000 is a common logarithm, and is the

power to which you raise 10 to give 1,000. As

(9]

In 2 is a natural logarithm, and is the power
to which we raise e to give 2. There is no
easy way to calculate this, but you can find
it from the LN(number) function in Excel; this
has the format LN(number), so LN(2) and
LOG(2,2.7182818) both return the value
0.6931, meaning that e®**'= 2,
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You probably think that the whole notation of logarithms is rather
obscure — and it is certainly less relevant now that we use computers.
However, they can still simplify some calculations and solve problems where
numbers are raised to unknown powers.

WORKED EXAMPLE 2.28

If 2¥ =32, use logarithms to find the value of x. logarithms. When n = b®, then p = log, n, so we
can rewrite 2* = 32 as x = log,32. But in Worked
example 2.7 we found that log,32 = 5, so the
result is x = 5, which you can check by doing the

calculation.

Solution
When a number is raised to an unknown power,
the only way that you can find the power is to use

Review questions

2.16 Rank in order of size 4", 47, 4, 14, () and ())*.

2.17 What is the value of x™*/ y** when x =9 and y = 4?
2.18 What is the value of 41.1635%?
2.19 Write 1,230,000,000 and 0.000000253 in scientific notation.

2.20 What is a logarithm and when would you use one?

PIFNN B2V a el Canada Revenue Agency

Benjamin Franklin said, ‘In this world nothing can
be said to be certain, except death and taxes’.!
Governments in most countries use similar calcula-
tions to assess income tax, and we can illustrate
this with the calculations done in Canada. Every
Canadian citizen completes an income tax return
for each financial year. In principle, the calcula-
tions are fairly straightforward, but most people
find them both arduous and traumatic. Canada
Revenue Agency describes the steps as follows:

1 Calculate total income for the tax year — which
includes most income but with some exceptions
such as child tax credit, veterans’ disability allow-
ance, lottery winnings and welfare payments.

2 Calculate taxable income — by subtracting pay-
ments for pension plans and other allowed
expenses from the total income.

3 Find the gross federal tax — which is taxable
income X tax rate. There are higher tax rates
for higher incomes, so this calculation has to
include amounts paid in each tax band.

4 Calculate tax credits — which are individual tax
credits that give a personal allowance, and fur-
ther allowances for children, education fees,
medical expenses and other allowed expenses.

5 Find the basic federal tax — by subtracting the
tax credits from the gross federal tax and
adding any adjustments for foreign earnings.

6 Add federal surtax — when the basic federal
tax is above a certain limit, a percentage of the
amount over this limit is added as a federal
surtax.

7 Add the provincial tax — which is a proportion
of the federal tax.

8 Add provincial surtax — when the provincial tax
is above a certain limit, a percentage of the
amount over this limit is added as a provincial
surtax.

9 Subtract tax that has already been paid - usu-
ally from pay cheques or advances.

10 This gives the total amount payable or to be
refunded.

This is clearly a simplified description, but you can
see that - like many aspects of business and life in
general - it depends on a lot of calculations. Not
surprisingly, there is a thriving business for account-
ants who help people to fill in their returns.

Sources: Websites at www.cra-arc.gc.ca and www.statcan.ca.
Federal and Provincial General Tax Guide and Returns, CRA,
Ottawa.
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CHAPTER REVIEW

This chapter reviewed some of the basic tools that are needed to understand
later chapters.

All quantitative reasoning is based on numbers. These appear in different
forms, including integers, decimals, fractions and percentages.

Numbers are used in arithmetic, where there are standard rules for raising
to powers, multiplication, division, addition and subtraction.

Algebra is based on the use of abbreviated names for constants and
variables.

These names are used in equations of the form a = b to give precise and
general descriptions of relationships. An equation remains true when you
do the same thing to both sides.

You solve an equation by using known values to find a previously
unknown value for a constant or variable. To do this, you rearrange the
equation until the unknown value is on one side of the equals sign, and all
the known values are on the other side.

Inequalities give less precise descriptions of relationships, typically of the
form a < b. You handle these in the same way as equations, but have to be
careful with the direction of the sign when multiplying or dividing by a
negative number.

You can use a set of simultaneous equations to find the values of several
unknown variables. In particular, to find 7 unknown variables you need n
independent, simultaneous equations.

You can solve simultaneous equations algebraically using either substitu-
tion or a process of elimination. For complex problems it is always easier
to use computers, either using specialised software or the appropriate tools
in a spreadsheet.

Superscripts show that a value is raised to a particular power — or multiplied
by itself this number of times. There are standard rules for manipulating
powers.

Scientific notation describes a number in the format a x 10°.

A logarithm is defined as the power to which a base is raised to equal a
number. When 7 = b?; then p = log, n. Common logarithms use the base
10, while natural logarithms use the base e.

If you want to learn more about any point mentioned in this chapter, you
can look at a more detailed book on mathematics. Some of these are listed in
the further reading list at the end of the chapter.
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@SS 1DMA The Crown and Anchor

Tina Jones runs the Crown and Anchor pub in
Middleton, along with her husband and staff of
eight. The riverside pub has a core of local cus-
tomers, but half of its business depends on tourists
and passing trade. In recent years, the pub has
expanded its sales of food, and this has become an
increasingly important source of income. Now
Tina wants to make some improvements to the
dining room and hopes that the bank will lend her
the money. She is sure that the improvements will
increase profits and wants to make a good case to
her bank manager.

Tina has kept a record of the average number
of meals served each day over the past two years,
and the daily income from food (Table below).
Now she wants to do some work on these figures
and present them in a convincing way. Of course,
her sales depend on a number of factors. Some of
these are under her control, such as the menu,
quantity of food, quality of cooking and serving,
etc. Some are outside her control, such as the
trends in eating out, national income, and local
unemployment. She wants to include all of these
factors in a report to the bank manager.

Year 1 Year 2

Dinners Lunches Income (f) Dinners Lunches Income (f)
January 25 6 180 32 30 441
February 23 6 178 30 25 405
March 24 8 196 31 24 415
April 26 9 216 32 26 440
May 27 9 230 35 30 463
June 42 32 525 45 35 572
July 48 36 605 51 38 590
August 48 37 603 50 45 638
September 35 34 498 38 41 580
October 31 30 451 35 36 579
November 30 31 464 32 85 508
December 37 38 592 48 54 776
Question

® What do you think Tina should put in her report? How can she use the figures that she has collected
- or other figures that are publicly available? What other information should she collect?

PROBLEMS

2.1

2.2

2.3

What are the values of (a) =12 x 8, (b) —-35/ (-7),
() (24-8)x(4+5),(d) (18-4)/(3+9-5),
(e) (22/11) x (<18 + 3) / (12/4)?

Simplify the common fractions (a) 3/5 + 1/2,
(b) 3/4 x 1/6, (c) 3/4 — 1/8, (d) —18/5 + 6/25,
(e) (3/8 — 1/6) + 4/7.

What are the answers to problem 2.2 as decimal
fractions?

2.4 What is (a) 23/40 as a percentage, (b) 65% as
a fraction, (c) 17% as a decimal, (d) 12% of 74,

(e) 27 as a percentage of 85?

2.5 Whatis 1,037 / 14 to (a) three decimal places,
(b) one decimal place, (c) two significant
figures, (d) one significant figure?

2.6 In one exam 64 people passed and 23 failed; in
a second exam 163 people passed and 43 failed.

How could you compare the pass rates?
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2.7

2.8

2.9

2.10

2.1

2.12

R

2.1

2.2

A car travels 240 kilometres in three hours.
What is its average speed? What is the equation
for the average speed of a car on any journey?

Shopkeepers buy an item from a wholesaler
and sell it to customers. How would you build
a model to describe their profit?

Logan Bay School has £1,515 to spend on
footballs. Match balls cost £35 each, and
practice balls cost £22 each. The school must
buy 60 balls each year, so how many of each
type should it buy to exactly match the budget?

Sanderson Bhp finds that 30% of its costs are
direct labour. Each week raw materials cost
€2,000 more than twice this amount, and there
is an overhead of 20% of direct labour costs.
What are the company’s weekly costs?

Lun Ho Stadium sells 2,200 tickets for a concert.
It sells a quarter of them at a 20% discount and
a further 10% at a 40% discount. How much
must it charge for tickets if it wants to generate
an income of $40,000?

Mario bought a round of five beers and three
glasses of wine in a bar. He paid with a €20
note and noticed that his change contained at
least one euro coin. He thought that each beer
costs more than €2, so what can he say about
the price of a glass of wine?

ESEARCH PROJECTS

Companies’ annual reports show a lot of
quantitative information. This usually goes
beyond basic accounts and includes operational,
environmental, social and competitive
performance. Examine the report of a major
company and describe the quantitative

analyses that it contains. (You can find

some useful information in company

websites.)

Jefferson Young & Co. is a manufacturer of
automotive components. Over the past 14
months, they have collected information about
production, income and costs. They keep this

2.13

What can you say if (@) 3x + 4 > 6x - 3,
(b) 2x +7 >13>3x-4?

2.14 Solve these simultaneous equations:

2.15

2.16

2.17

2.18

2.3

(@a+b=3anda-b=5

(b) 2x + 3y =27 and 3x + 2y = 23

() 2x+ 2y +4z=24 and 6x + 3y =15 and
y+2z=11

(d) x+y-2z=-2and 2x-y+z=9 and

X+3y+2z=4
(e) 4r—2s+3t=12andr+2s+t=-1and
3r-s—-t=-5

Sven Hendriksson finds that one of his
productivity measures is related to the number
of employees, e, and the production, n, by the
equations:

10n+3e=45 and 2n+5e=31
What are the current values for e and n?

What are the values of (a) x'? x x4, (b) (x')3,
(C) 9045' (d) 42.5’ (e) 73.2’ (f) 4145 X 63.7 / 61‘7?

If log a =0.3010, log b =0.4771 and

log ¢ =0.6021, what is the value of log (ab/c)?
Can you use this result to find some general
rules for arithmetic with logarithms?

If 3,000 = 1,500 x 1.1", what is the value of n?

information in a simple spreadsheet, with the
format shown in Figure 2.3. Describe how this
spreadsheet works and what it shows. What
else could they do with the data? What other
features do you think they should add to the
spreadsheet?

A lot of websites give tutorials on various topics
of mathematics that are useful for managers.
These are produced by universities, professional
institutions, publishers, training companies,
software providers, tutoring services, consultants
and so on. Do some searches on the Web to find
sites that are useful for this book.
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A |B] C D E F G H [ J K
1 | Jefferson Young & Co.
2
3 Raw data Sorted
4 | Month Production | Income | Cost | Profit Production | Income | Cost | Profit
| 5 | 1 | 120 1070 960 110 100 860 820 40
6 2 150 1270 [1130] 140 110 950 890 60
| 7 | 3 || 180 1480 (1280 | 200 110 950 880 70
8 4 110 950 890 60 120 1070 960 110
1 9 | 5 || 130 1150 [1030]| 120 120 1150 950 200
10 6 160 1300 [1170] 130 130 1150 11030 120
|11 7 || 100 860 820 40 140 1210 11060 150
12 8 110 950 880 70 150 1270 11130 140
113 | 9 || 160 1320 [ 1180 | 140 150 1340 11120 220
14 10 140 1210 1060 | 150 160 1300 1170 130
s o1 || 120 1150 | 950 | 200 160 1320 [1180( 140
16 12 160 1420 [1290| 130 160 1420 11290 130
171 13 | | 170 1660 | 1400 | 260 170 1660 |1400( 260
18 14 150 1340 [1120| 220 180 1480 1280 200
19
| 20 |
21
22| Financial figures
EEI
| 24 | g 2000
25 Q
z % 1500 1 == |ncome
127 | 4 1000+ = Cost
| 28 | § 500 - == Profit
0] £
IELH -
31|
32|
33|
34
35 [ | [ [ [ ]
36|
37 . .
ETY Profit vs production
139 300
40 A
a1 250 A
(42| . 2001 A
43| 6 1501 A
1441 % 100 A
45
E 50 A
7 0 T T T T T T T T T
E 90 100 110 120 130 140 150 160 170 180 190
49 | Production
50

Figure 2.3 Spreadsheet for Jefferson Young & Co.
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Sources of information

Reference

1 Letter to Jean Baptiste le Roy, 13th November
1789, published in Works of Benjamin Franklin,
1817.

Further reading

Many books introduce the ideas of mathematics,
ranging from the trivial through to the very difficult.
If you want some further information, the following
list gives some useful ideas.

Amdahl K. and Loats J., Algebra Unplugged,
Clearwater Publishing, Broomfield, CO, 1996.

Barlow J., Excel Models for Business and Operations
Management (2nd edition), John Wiley, Chichester,
200S.

Bradley T. and Patton P., Essential Mathematics for
Economics and Business, John Wiley, Chichester,
2002.

Eaton G., Fundamentals of Business Maths, CIMA
Publications, London, 2009.

Economist, Numbers Guide: Essential Business
Numeracy, Economist Books, London, 2003.

Francis A., Business Maths and Statistics, Thomson
Learning, London, 2004.

Gibilisco S., Algebra Know-It-All, McGraw Hill,
New York, 2008.

Gough L., The Financial Times Guide to Business
Numeracy, FT Prentice Hall, Basingstoke, 1994.
Jacques L., Mathematics for Economics and Business
(5th edition), FT Prentice Hall, Basingstoke, 2006.
Lerner J. and Don E., Schaum’s Outline of Basic
Business Mathematics, McGraw-Hill, New York,
2000.

Rowe N., Refresher in Basic Maths (2nd edition),
Thomson Learning, London, 2001.

Soper J., Mathematics for Economics and Business
(2nd edition), Blackwell, Oxford, 2004.

Sterling M.]., Business Math for Dummies, John
Wiley, Chichester, 2008.

Useful websites

www.pearsoned.co.uk/waters — the companion
website for this book. This contains a list of useful
websites.
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Chapter outline

Graphs give a lot of information in a simple and effective format. This chapter
shows how to draw line graphs on Cartesian coordinates. We start with
simple linear graphs, and then move on to more complicated functions,
including quadratic equations, higher polynomials and exponential curves.
We return to this theme in Chapter 5, when we discuss other types of dia-
gram for presenting information.

After finishing this chapter you should be able to:

appreciate the benefits of graphs

use Cartesian coordinates to draw graphs

draw straight-line graphs and interpret the results

draw graphs of quadratic equations and calculate the roots

draw graphs of more complicated curves, including polynomials and expon-
ential curves

use graphs to solve simultaneous equations.

- Graphs on Cartesian coordinates

Chapter 2 showed how to build an algebraic model of a situation. However,
when given a set of equations, most people find it difficult to understand
what is happening, or to follow the logic. Diagrams are much better at pre-
senting information, and you can look at a well-drawn diagram and quickly
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see its main features. We develop this theme in Chapter 5, but here we introduce
the idea of a graph — sometimes called a line graph — to show the relationship
between two variables.

Cartesian axes

The most common type of graph uses two rectangular (or Cartesian) axes. A
horizontal axis is traditionally labelled x, and a vertical axis is labelled y (as
shown in Figure 3.1). Then x is the independent variable, which is the one
that we can set or control, and y is the corresponding dependent variable,
whose value is set by x. Then x might be the amount we spend on advertising
(which we control) and y the resulting sales (which we cannot control); x
might be the interest rate that we charge for lending money, and y the corre-
sponding amount borrowed; x might be the price we charge for a service,
and y the resulting demand.

When we talk about dependent and independent variables, we do not
assume any cause and effect. There might be a clear relationship between two
variables, but this does not necessarily mean that a change in one actually
causes a change in the other. For example, a department store might notice
that when it reduces the price of overcoats the sales of ice cream rise. There is
a clear relationship between the price of overcoats and the sales of ice cream,
but one does not cause the other — and both are really a result of the prevailing

y axis
— for dependent
variable
>~
[
2 -
z Positive
&£ quadrant
Origin «
\\
\
N
N
N
N
\
Negative x \ Positive x
X axis
— for independent
variable
~
[
=
=
©
[@)]
(]
=

Figure 3.1 Cartesian axes
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Figure 3.2 Locating points with Cartesian coordinates

weather. Unfortunately, people do not always recognise this, and they
imagine ridiculous causes-and-effects (which we discuss in Chapter 9).

The point where the two axes cross is the origin. This is the point where
both x and y have the value zero. At any point above the origin y is positive,
and at any point below it y is negative; at any point to the right of the origin
x is positive, and at any point to the left of it x is negative. Often, we are
only interested in positive values of x and y — perhaps with a graph of income
against sales. Then we show only the top right-hand corner of the graph,
which is the positive quadrant.

We can describe any point on a graph by two numbers called coordinates.
The first number gives the distance along the x-axis from the origin, and the
second number gives the distance up the y-axis. For example, the point x = 3,
y = 4 is three units along the x-axis and four units up the y-axis. A standard
notation describes coordinates as (x, y) — so this is point (3, 4). The only
thing you have to be careful about is that (3, 4) is not the same as (4, 3), as
you can see in Figure 3.2. And these points are some way from (-3, 4), (3, —4)
and (-3, —4).

Points on the x-axis have coordinates (x, 0) and points on the y-axis have
coordinates (0, y). The origin is the point where the axes cross; it has co-
ordinates (0, 0).

WORKED EXAMPLE 3.1

Plot these points on a graph. Solution

As all the numbers are positive, we need draw

only the positive quadrant. Then the first point,

/ 10 12 15 (2, 7), is 2 units along the x-axis and 7 units up the

22 28 41 48

y-axis, and is shown as point A in Figure 3.3. The
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Worked example 3.1 continued
y 60 -

50 -

40

30 -

20 A

B® o

Figure 3.3 Graph of points for Worked example 3.1

y 60 1
50
40
30 A
20

10

12

16

Trend line

8 10 12 14 16

Figure 3.4 Connecting points to emphasise the relationship

second point, (5, 20), is 5 units along the x-axis
and 20 units up the y-axis, and is shown by point
B. Adding the other points in the same way gives
the result shown in Figure 3.3.

There is a clear relationship between x and y,
and we can emphasise this by drawing a line

through the points. We might decide to show all
the details by drawing a line connecting each
point , or we can draw a straight line through the
points to emphasise the general trend (shown in
Figure 3.4).

You might like drawing graphs in the traditional way, by hand on graph
paper — but it is easier and more reliable to use a specialised graphics pack-
ages. Many of these are available, such as ConceptDraw, CorelDRAW,
DrawPlus, Freelance Graphics, Harvard Graphics, PowerPoint, Sigmaplot,
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Figure 3.5 Using a spreadsheet to draw a graph

SmartDraw, Visio and so on. Many other packages also have graphics func-
tions, such as presentation packages, desktop publishing packages, design
packages and picture editors. Excel has a graphics function, and Figure 3.5
shows an example of the results when you press the ‘chart wizard” button.

Drawing straight-line graphs

The simplest type of graph shows a straight line through a set of points — so
you plot a series of points (x, y) and then draw a straight line through them.
When there is a perfect relationship, you need only two points to draw this
kind of graph. We can illustrate this by drawing a graph in which y has a
constant value whatever the value of x. For instance, if y = 10 for all values
of x, then we can take two arbitrary values of x, say 2 and 14, and get the
two points (2, 10) and (14, 10). Then drawing a straight line through these
points gives a line that is 10 units above the y-axis and parallel to it, as
shown in Figure 3.6.

In general, a graph of y = ¢, where ¢ is any constant, is a straight line that
is parallel to the x-axis and ¢ units above it. This line divides the area of the
graph into three zones:

® at any point oz the line, y is equal to the constant, so y = ¢
m at any point above the line, y is greater than ¢, so y > ¢
m at any point below the line, y is less than ¢, so y < ¢

We could equally say:
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y>10
(2,10) (14, 10)

Figure 3.6 Straight-line graph of y =10

m at any point oz or above the line, y is greater than or equal to ¢, so y > ¢
m at any point on or below the line, vy is less than or equal to ¢, so y < c.

The graph of y = ¢ is a straight line, and any relationship that gives a
straight-line graph is called a linear relationship. Most linear graphs are not
parallel to the x-axis, but they either slope upwards or downwards. For
example, the time needed for a train journey (y) rises with the length of the
journey (x), giving a graph that slopes upwards to the right. All linear rela-
tionship have the general form:

y=ax+b
where:

= x and y are the independent and dependent variables
® aand b are constants.

WORKED EXAMPLE 3.2

Draw a graph of y = 10x + 50. ® When x=0, y=10x + 50 = 10 x 0 + 50 = 50,
which defines the point (0, 50).
Solution ® When x =20, y = 10x + 50 = 10 x 20 + 50 = 250,

This is a straight-line graph of the standard form which defines the point (20, 250).
y =ax + b, with a = 10 and b = 50. We need only
two points to draw the line and can take any con-
venient ones. For instance, we can arbitrarily take
the points where x =0 and x = 20.

Plotting these points and drawing a line through
them gives the graph shown in Figure 3.7.
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Worked example 3.2 continued

y 300 -

250 A

200 A

150 A

100 A

50 %

(20, 250)

(0, 50)

Figure 3.7 Straight-line graph of y = 10x + 50

When you look at a straight-line graph, there are two obvious features:

m the intercept, which shows where the line crosses the y-axis
m the gradient, which shows how steep the line is.

When the line crosses the y-axis, x has the value 0. And if you substitute x = 0
into the equation y = ax + b, you see that ax = 0, so y = b. In other words,
the constant b is the intercept of the line on the y-axis.

The gradient of a line shows how quickly it is rising (or falling), and is
defined as the change in y for a unit change in x. The gradient of a straight
line is clearly the same at any point, so we can find the increase in y when x
increases from, say, 7 to n + 1:

m whenx=n,y=ax+b
=an+b
m whenx=n+1l,y=ax+b=an+1)+b
=an+a+b.

The difference between these two is a, and this shows that an increase of 1 in
x gives an increase of a in y. So the constant a is the gradient, meaning that
the general equation for a straight line is:

y = gradient x x + intercept
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WORKED EXAMPLE 3.3

Describe the graph of the equation y = 4x + 20.

Solution
This is a straight-line graph with intercept of 20
and gradient of 4, as shown in Figure 3.8.

You can also see that:

m for any point actually on the line, y = 4x + 20
m for any point above the line, y > 4x + 20
m for any point below the line, y < 4x + 20.

You can check this by taking any arbitrary points.
For example, when x = 10 the corresponding value
of y on the line is y =4 x 10 + 20 = 60, giving the
point P at (10, 60). The point Q has coordinates
(10, 100) and is above the line, and y is clearly
greater than 4x + 20 = 60; the point R has co-
ordinates (10, 20) and is below the line, and y is
clearly less than 4x + 20.

y 1201
Q (10, 100)
100 A ) y=4x+20
80 - y>4X+20

60 -

40

0 T T

y<4x+20

0 5

Figure 3.8 Straight-line graph of y = 4x + 20

WORKED EXAMPLE 3.4

Anita has noticed that the sales of a product vary
with its price, and in particular:

sales = 100 — 5 x price

What are sales when the price is 6?

Solution

Substituting the price, 6, into the equation gives
sales of 100 — 5 x 6 = 70. But we can find more
information from a graph. The relationship is a
straight line with the equation y = ax + b, where y
is the sales, x is the price, a is the gradient of -5,
and b is the intercept of 100. The negative gradi-
ent shows that y decreases as x increases — and

20 25

with every unit increase in price, sales fall by 5. To
draw the graph (shown in Figure 3.9) we take two
arbitrary points, say x=0 and x = 10:

®m when x=0, y=100-5x=100-5 x 0 =100,
giving the point (0, 100)

® when x =10, y =100 - 5x = 100 - 5 x 10 = 50,
giving the point (10, 50).

There is an upper limit on sales, given by the
intercept — and when the price is reduced to zero
the expected sales are limited to 100. Any point
above the line shows that sales are higher than
expected, while any point below shows that they
are lower.
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Worked example 3.4 continued

1204

100

80 1

60 -

Sales

40 -

20

(10, 50)
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Figure 3.9 Graph of Anita’s sales

3.2
3.3
3.4
3.5
3.6

3.7

What is meant by a dependent variable?

Graphs show the changes in y caused by changes in x. Is this true?
With Cartesian coordinates, what are the coordinates of the origin?
Is there a difference between the points (3, —4) and (-3, 4)?

Describe the graph of the equation y =-2x — 4.

What are the gradients of the lines (a) y =10, (b) y=x, (c) y= 10 — 6x?

If y =3x+ 5, what can you say about all the points above the graph of this
line?

- Quadratic equations

Any relationship between variables that is not linear is — not surprisingly —
called a non-linear relationship. These have more complicated graphs, but
we can draw them using the approach that we used for straight lines, which

1S to:

m take a series of convenient values for x
m substitute them into the equation to find corresponding values for y
m draw a line through the points.

The only concern is that more complicated relationships need more points to
show the exact shape of the curve.
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WORKED EXAMPLE 3.5

Draw a graph of the equation y = 2x*> + 3x — 3, Continuing with other values for x gives the fol-

between x =-6 and x =5. lowing table.
Solution X 6 -5 -4 -3 2 -1 01 2 3 4 5
We have to take a convenient series of valuesforx y 51 32 17 6 -1 -4 -3 2 11 24 41 62

between —6 and +5 and substitute them into the
equation to find corresponding values for y, so we

1 . Plotting these points on Cartesian axes and draw-
might start with:

ing a curved line through them gives the graph in
® x =6, and substitution gives y = 2x> + 3x — 3= Figure 3.10.

2x(-6)>+3x(-6)—3=51
B x =-5, and substitution gives y = 2x? + 3x — 3 =

2x(-52+3x(-5)-3=32

Figure 3.10 Graph of y=2x* + 3x - 3

Worked example 3.5 gave an illustration of a quadratic equation, which
has the general form y = ax* + bx + ¢, where a, b and ¢ are constants. Their
graphs are always U-shaped when a is positive — but when a is negative the
graph is inverted and looks like a hill rather than a valley. The top of the hill,
or bottom of the valley, is called a turning point where the graph changes
direction and the gradient changes sign.

Quadratic equations are quite common. For instance, suppose economies
of scale and other effects mean that the average cost of making a product
changes with the number of units made. The basic cost of making one unit
might be €200, and this falls by €5 for every unit of weekly production.
This means that with a weekly production of x units, the unit cost is 200 —
5x. If there are fixed overheads of €2,000 a week:

total weekly cost = overheads + number of units made in the week X unit cost
=2,000 + x X (200 — 5x)
=2,000 + 200x — 5x*
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WORKED EXAMPLE 3.6

Sonja Thorsen bought shares worth €10,000 in her
employer’s profit-sharing scheme. When the share
price rose by €10, she kept 1,000 shares and sold
the rest for €11,000. How can you describe her
share purchases?

Solution

If Sonja originally bought x shares, the price of
each was €10,000 / x. When this rose to (10,000 /
X + 10) she sold (x — 1,000) shares for €11,000. So:

11,000 = number of shares sold x selling price
= (x - 1,000) x (10,000 / x + 10)

Rearranging this equation gives:

11,000 = (x — 1,000) x (10'200 + 10]

= 10,000 + 10x —

WORKED EXAMPLE 3.7

Draw a graph of y = 15 + 12x — 3x? for values of x
between -2 and 6. Where does this curve cross the
X-axis?

10,00;),000 10,000

Solution

We can take a series of convenient values for x
and substitute these to get corresponding values
for y, as follows.

30'y

or

11,000x = 10,000x + 10x> — 10,000,000 — 10,000x
which means that:

10x% — 11,000x — 10,000,000 = 0

In the next section we show how to solve this
equation, and find that Sonja originally bought
1,691 shares. You can check this answer by sub-
stitution. If she bought 1,691 shares at 10,000 /
1,691 = €5.91 each, and when the price rose to
€15.91, she sold 691 of them for 691 x 15.91 =
€11,000, and kept the remainder with a value of
1,000 x 15.91 =€15,910.

X =2 = 0 1 2 3 4 5 6
y =21 0 15 24 27 24 15 0 =21

Plotting these points and joining them together
gives the results in Figure 3.11. As a has a negative
value of -3, the graph is an inverted U, and you
can see that it crosses the x-axis at x=-1 and x =5.

—-10 4

—-20 -1

-30 -

Figure 3.11 Graph of y =15 + 12x — 3x°
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In Worked example 3.7, we found two points where the graph crossed the x-
axis. By definition, these are the points where ax* + bx + ¢ = 0, and they are
called the roots of the quadratic. You can estimate these from a graph, but
there is a standard calculation for finding them (whose derivation you can
find in the companion website www.pearsoned.co.uk/waters). This shows
that the two points where y = 0 correspond to the values of x where:

- h? — —h — 2 _
N b + sz dac and x— b \/Zb dac
a a

In Worked example 3.7, a = =3, b = 12 and ¢ = 15, and substituting these
values gives:

—12 = /122 =4 x (-3) x 15

e —12 + /122 — 4 x (-3) x 15

and x =
2% (=3) 2% (=3)
12+ /(144 + 180) _—12 - /(144 +180)
B -6 B -6
_-12+18 _—12-18
=—— ==
=-1 =5

This confirms the results from the graph, that the curve crosses the x-axis at
the points (-1, 0) and (5, 0).

WORKED EXAMPLE 3.8

Find the roots of the equation 2x*> + 3x — 2 = 0. -b - \b? - dac
Solution -

This is a quadratic with a =2, b =3 and ¢ = -2. —3-432-4x2x(-2)
Substituting these values into the standard equa- = 2 x 2

tions gives the two roots:

co b \b? - 4ac

and

-3+432-4x%x2x(-2)

3- 25
4

-2

You can check these values by substituting them

2x%x2

-3+ \/?5

=0.5

4

in the original equation:
2x05°+3x05-2=0
and

2x(-2?+3x%x(-2)-2=0

The only problem with calculating the roots comes when 4ac is greater
than b*. Then b* — 4ac is negative, and we have to find the square root of a
negative number. This is not defined in real arithmetic, so we conclude that
there are no real roots and they are both imaginary.
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Review questions 3.8 Are the graphs of all quadratic equations exactly the same shape?

3.9 What are the roots of a quadratic equation?

3.10 What can you say about the roots of y = x* + 2x + 3?

3.11 Why is it better to calculate the roots of a quadratic equation than to read
them from a graph?

Emjit Chandrasaika

In his spare time, Emjit Chandrasaika sells com- -b+ me
puter software through his website. Because he S
. . . . 2a

does this from home, and considers it a mixture of
business and pleasure, he does not keep a tight -12 + \HZZ -4 x 2 x (-1,000)
check on his accounts. He thinks that he gets 2x2
a basic income of £12 for every unit he sells a 196
month, but economies of scale mean that this
increases by £2 for every unit. He estimates that or
the fixed costs of his website, advertising and time R
is £1,000 a month. —b - \b* - 4ac

If Emjit’s income per unit is 12 + 2x, where x is 2a
the number of units that he sells per month, then: 2= \/122 ~ 4 % 2 x (-1000)

profit = number of units sold per month 2x2
X unit income — overheads 5.6

=x(12 + 2x) — 1,000

=2x2 + 12x — 1,000 Obviously, he cannot sell a negative number of
units (like —25.6) so the answer comes from the
positive number, 19.6. The conclusion is that Emjit
must sell 20 units a month to make a profit. His
actual sales are much higher than this, and are
rising by 50% a year. This analysis encouraged
Emjit to consider a move into full-time web sales.

When this equals zero, his income just covers his
costs, and this happens when:

- Drawing other graphs

When we can express one variable, y, in terms of another, x, we say that ‘y is
a function of x’, and write this as y = f(x). With a straight line, y is a linear
function of x, which means that y = f(x) and f(x) = ax + b; with a quadratic
y = f(x), and f(x) = ax® + bx + c. This is just a convenient shorthand that can
save time explaining relationships. You can draw a graph of any relationship
where y is a function of x; meaning that y = f(x).

Polynomials

Straight lines (where y = ax + b) and quadratic equations (where y = ax* + bx
+ ¢) are two examples of polynomials. This is the general term used to
describe equations that contain a variable, x, raised to some power. For
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straight lines we raised x to the power 1, for quadratics we raised x to the
power 2; and for more complicated polynomials we raise x to higher powers.
For instance, cubic equations contain x raised to the power 3, with the form
y = ax’® + bx* + cx + d. Higher polynomials have more complex curves, and
to draw their graphs we have to plot enough points to show the details.

WORKED EXAMPLE 3.9

Draw a graph of the function y = x> — 1.5x> — 18x  draws the results. The graph has a trough around

between x =-5 and x = +6. x = 3 and a peak around x = —-2. Cubic equations
. always have this general shape, with two turning
Solution points, but they vary in detail; some are the other

Figure 3.12 shows a spreadsheet of the results. The way around, some have the two turning points
top part shows a series of values of y calculated merged into one, and so on.
for x between -5 and 6; then the Chart Wizard

Al ]l c|p|lE]F]aG]|H J k] L ]wm
Graph of cubic equation

X -5 4 3 -2 - 0 1 2 3 4 5 6
y 725 -16 135 22 155 0 -185 -34 -40.5-32 25 54

807y

WIWIWININININININININININ |2 === === —

w
w

w
~

Figure 3.12 Graph of y = x* — 1.5x% — 18x
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Exponential curves

In Chapter 2 we mentioned the exponential constant, e, which is equal to
2.7182818 . .. This strange number is useful for describing functions that
rise or fall at an accelerating rate. Exponential curves have the general form
y = ne™, where 1 and m are constants. The exact shape depends on the values
of n and m, but when m is positive there is an accelerating rise — described as
exponential growth — and when m is negative there is a decreasing fall —
described as exponential decline.

WORKED EXAMPLE 3.10

Draw graphs of y = e and y = e®** for values of x  Solution

between 0 and 10. Figure 3.13 shows these results in a spreadsheet.
When e is raised to a positive power, the charac-
teristic exponential curves rise very quickly with x.

Al ]l c]p|lE]F] G ]|H [ ) ]« L
1 | Graphs of exponential growth
2
3| x 0 1 2 3 4 5 6 7 8 9 10
Ieo'g" 1 2 6 15 37 90 221 545 1339 3294 8103
5] e 1 3 7 20 55 148 403 1097 2981 8103 22026
6
7
8
I
[10]
IEH
12| 20000 -
3]
14| y=¢€
15 | 15000-\
16
[17]
(18]
19 10000 +
20
21
22
23]
24
25
26
Z 11
28
29
30
31
32

Figure 3.13 Graphs of exponential growth
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WORKED EXAMPLE 3.11

Draw the graph of y = 1000e %> between x = 0 and
x=10.

Solution

Figure 3.14 shows the calculations and graph on a
spreadsheet. When e is raised to a negative power,
the exponential curve falls quickly towards zero
and then flattens out with increasing x.

A |Blc]po]JelFlaeg|[H]T]IJ]K]L
1 | Graph of exponential decline
2 | [ [ |
3 x 0o 1 2 3 4 5 6 7 8 9 10
4 |1000e* 1000 607 368 223 135 82 50 30 18 11 7
5
6
7
8
9
10 | y 1000
11
B 900 -
13 800
14
s 700
16 600
17
8 500 -
19 400 4
20
> 300
22 200
23
” 100 4:
25 0
26
27
28
29
30
31
32

Figure 3.14 Graph of exponential decline

DIF W Ve (e Konrad Schimmer

You can find examples of graphs in almost any
newspaper or magazine. Many of these are time
series, which show a series of observations taken
at regular intervals of time — such as monthly un-

employment figures, daily rainfall, weekly demand
for a product and annual profit. Financial analysts
use many types of graph to give a clear picture of
trends and underlying patterns.
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Ideas in practice continued

Konrad Schimmer is a financial analyst of the
Frankfurt Stock Exchange, and he plots graphs for
every aspect of companies’ performances. Typic-
ally he plots the quarterly profit for the past six
years, monthly sales for the past three years and
closing share price over the past year. Figure 3.15
shows one of his graphs comparing the closing
share prices of two companies at the end of each

week for the past year. Konrad studies the details
of such graphs looking for trends, unusual pat-
terns, possible causes and how the company is
likely to perform in the future. He has used this
approach to amass considerable wealth.

Source: Schimmer K., Using Charts to Identify Stock Market
Trends, Financiers’ Roundtable, Frankfurt, 2010.
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Figure 3.15 Comparison of closing weekly share prices

13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51
Week

- Graphs of simultaneous equations

In Chapter 2 we discussed simultaneous equations, where several equations

apply at the same time. For example, with two variables we might find that

3y=4x+2
y=-x+10

You can draw a graph with both equations on the same axes. As each equa-

tion is a straight line, you get the results shown in Figure 3.16.

The first equation is true at any point on one of the lines, and the second
equation is true at any point on the other. It follows that both equations are
true at the point where the lines cross. This is near to the point where x = 4
and y = 6 (confirming a result that we calculated in Worked example 2.19).
This means that you can use a graph to solve simultaneous equations when
there are two variables. An extension to the basic method replaces linear

equations by more complicated ones, and sees where two curves intersect.
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Point where both
3y=4x+2and
y=—x+10

y=4x+2

S

Figure 3.16 Graph to solve simultaneous equations

WORKED EXAMPLE 3.12

Use a graph to solve the simultaneous equations

y=2x+10
2y=5-x

(M
()

What happens if equation (2) is replaced by the

quadratic equation 2x? + 3x — 2 = 0?

Solution

Figure 3.17 shows a graph of these two equations,
and you can see that the lines cross at about the
point where x = -3 and y = 4. If you substitute
these two values into the equations you get:

4=2x(-3)+10 v
8=5-(3) v

Point where bot
y=2x+10and
2y=5-x

h 20 1

15 4

\

y=2x+10

|
(s}

|
~

""\,lb“
{
N
|
-

dn

Figure 3.17 Graph of y=2x+10and 2y =5 - x

(1
(2
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Worked example 3.12 continued

Both of these are correct, which confirms the
results from the graph.

If the second equation is replaced by the
quadratic, you can tackle the problem in exactly
the same way. The easiest way to draw the
quadratic curve is to take a range of values, say
from x = -5 to x = +4, and substitute them into
2x? + 3x -2 =0 to give:

x -5 -4 3
y 33 18 7 0

=2 = 0 1 2 3 4
-3 -2 3 12 25 42

The straight line of y = 2x + 10 crosses the
quadratic curve at two points, at about (2, 14) and
(-3, 5), as shown in Figure 3.18. At these two
points, both equations are true. You can calculate
the points more accurately by saying both equa-
tions are satisfied when:

y=2x*>+3x-2andy=2x+10
so when both equal y you have:
2x?+3x-2=2x+10
and rearranging this gives:
2x?+x-12=0

You can solve this using the standard equation
described earlier, and the solutions are x = 2.21
and x = -2.71. Substituting these two values for x
into one of the original equations, say y = 2x + 10,
gives the corresponding values for y.

m When x =221, y=2x+10=2x 2.21 + 10 =
14.42, giving the point (2.21, 14.42), which we
estimated to be (2, 14).

B When x=-2.71,y=2x+10=2 x (-2.71) + 10 =
4.58, giving the point (-2.71, 4.58), which we
estimated to be (-3, 5).

First solution

-10

Figure 3.18 Replacing a linear equation by a quadratic

Review questions [EERP]

3.13
3.14
3.15
3.16
3.17

What is a polynomial?

What is a turning point in a graph?

How can you draw a graph of exponential growth?

Can you draw a graph of y = 12x + 7z, where both x and z are variables?
What does it mean when two graphs cross each other?

Why is it generally better to use algebraic rather than graphical methods to

solve simultaneous equations?
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DI\ R vNe (el Misleading graphs

Graphs give a very clear view of information - but
this impression can be misleading. Tufte collected
many examples of misleading graphs including
the classic view of traffic deaths in Connecticut
following stricter enforcement of speed limits.
Figure 3.19(a) gives the published view, with
stricter enforcement having a clear effect on deaths.
Figure 3.19(b) shows a different view, which sug-
gests that more investigation is needed.

Graphs can be misleading because the people
drawing them make genuine mistakes. But it is
more worrying when people deliberately present
information in a confusing way, perhaps to sup-
port their own opinions or to give a false view of

Before stricter

a product. Several common faults in drawing
graphs are:

m not putting scales on axes or labelling them
properly

m not starting scales at zero

B using inappropriate or discontinuous scales

® not including all the relevant information, or
ignoring certain results.

Chapter 5 returns to this theme of presenting
information properly in graphs.

Source: Tufte E., The Visual Display of Quantitative Informa-
tion (2nd edition), Graphics Press, Chesire, CT, 2001.
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Figure 3.19(a) Initial view of traffic deaths following stricter enforcement of speed limits
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Ideas in practice continued
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Figure 3.19(b) Broader view of deaths

CHAPTER REVIEW

This chapter showed how to draw different types of graph.

Diagrams give an easy and efficient way of presenting information, and
people can quickly identify the main features and patterns.

Graphs are one of the most useful types of diagram, and usually use
Cartesian coordinates to show a relationship between two variables.

Straight-line graphs have the form y = ax + b, where a is the gradient and
b is the intercept on the y-axis. You can draw straight-line graphs by plot-
ting two points and drawing the line through them.

For more complicated curves, you have to plot a number of points and
draw a line through them. We used this method to draw graphs of
quadratic equations, which have the general form y = ax* + bx + c. These
graphs are U-shaped — or an inverted U when a is negative.

The roots of a quadratic equation are the points where the curve crosses
the x-axis. There is a standard calculation to identify these points.

You can use the standard method for drawing graphs for any relationship
where y is a function of x — described as y = f(x) — including higher poly-
nomials and exponential curves.

You can solve simultaneous equations with two variables using graphs,
but you have to be careful because the results may not be very accurate.
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@SS 1hYA McFarlane & Sons

John McFarlane works for his family company,
which has sold traditional clothing from four
shops in the east of Scotland since 1886. He wants
to compare the performance of each shop, and
has collected some detailed information for the
past year. Now he wants a convenient format to
present this to the company Board of Directors.

John's problem is that he has a huge amount
of data. The following table shows the number of
units of five products sold each month in each of
the shops. John has this kind of information for
several hundred products, along with costs, profit
margins, advertising expenditure — and many
other figures.

Month Shop Product A Product B Product C Product D Product E
January 1 15 87 2 21 65
2 12 42 0 15 32
3 8 21 3 33 40
4 7 9 3 10 22
February 1 16 80 1 22 67
2 16 43 2 12 34
3 8 24 5 31 41
4 8 8 2 9 21
March 1 18 78 6 15 70
2 16 45 6 8 30
3 8 21 8 23 44
4 10 7 2 8 19
April 1 21 83 11 16 71
2 17 46 13 7 30
3 11 19 9 25 47
4 9 8 4 9 21
May 1 24 86 2 25 66
2 20 49 7 16 32
3 14 23 3 37 46
4 10 6 3 13 22
June 1 27 91 3 33 65
2 23 52 1 17 33
3 15 20 0 51 47
4 12 9 2 17 10
July 1 27 88 2 38 65
2 22 55 0 20 38
3 16 20 2 58 46
4 9 8 1 19 20
August 1 20 90 1 37 68
2 21 57 0 24 35
3 11 23 1 60 40
4 10 8 0 20 18
September 1 17 84 7 26 65
2 17 63 8 17 31
3 10 21 4 39 46
4 6 7 9 12 19
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Case study continued

Month Shop Product A Product B Product C Product D Product E
October 1 17 85 24 19 70
2 14 61 23 13 33
3 11 21 21 30 39
4 9 7 19 11 21
November 1 15 85 37 11 69
2 13 55 36 10 33
3 9 22 28 15 44
4 9 9 19 5 21
December 1 15 88 81 17 68
2 12 54 65 14 34
3 7 18 67 24 40
4 8 7 53 8 22
Question

® How could John McFarlane use graphs to present information to the company Board of Directors?

PROBLEMS

3.1 Draw a graph of the points (2, 12), (4, 16),
(7, 22), (10, 28) and (15, 38). How would you
describe this graph?

3.2 Draw a graph of the following points. What can
you say about the results?

x 1 3
y 22 24 31

6 8 9 10 13 14 17 18 21 25 26 29
38 41 44 52 55 61 64 69 76 81 83

3.3 The number of people employed in a chain of
workshops is related to the size (in consistent
units) by the equation:

employees = size / 1,000 + 3

Draw a graph of this equation and use it to find
the number of employees in a workshop of size
50,000 units.
3.4 Draw graphs of (a) y =10, (b) y=x + 10,
©@y=x>+x+10,(d) y=x>+x>+x+ 10.

3.5 What are the roots of (a) x2 — 6x + 8, (b) 3x% —
2x -5, () x>+ x+1?

3.6

3.7

3.8

3.9

3.10

Deng Chow Chan found that the basic income
generated by his main product is £10 a unit, but
this increases by £1 for every unit he makes. If
he has to cover fixed costs of £100, how many
units must he sell to cover all his costs?

The output, y, from an assembly line is related
to one of the settings, x, by the equation

y =-5x?+2,500x — 12,500
What is the maximum output from the line, and
the corresponding value for x?
Martha Berryman finds that the unit cost of
using production equipment is:

cost = 1.5x% — 120x + 4,000

where x is the number of units produced. Draw
a graph to find the lowest unit cost. What
production level does this correspond to?

Compare the graphs of y =2*and y = 3*.

Draw a graph of y = 1/x for values of x between
-5 and +5.
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3.11 If you leave £100 in the bank earning 6%
interest, at the end of n years you will have
100 x 1.06". Draw a graph of this amount over
the next 20 years.

3.12 Use graphs to solve these simultaneous
equations:

(@) a+b=3anda-b=>5

(b) 2x+3y =27 and 3x + 2y =23

() 2x+2y+4z=24 and 6x+ 3y =15 and
y+2z=11

RESEARCH PROJECTS

3.13 Sven Hendriksson finds that one of his productivity
measures is related to the number of employees,
e, and the production, n, by the equations:

10n+3e=45 and 2n+5e=31

What are the current values for e and n?

3.14 Where does the line y = 20x + 15 cross the line
y=2-4x+1?

3.15 Where does the line y = e* cross the line
y=x>+10?

3.1 Spreadsheets are a convenient way of drawing
graphs, but there are more specialised graphics
packages. What additional features do these
specialised packages have? Do a small survey of
packages, comparing their graphics features.
What other features would you like?

3.2 Find some examples of graphs presented in
newspapers and magazines. Describe some
that are particularly good, and others that are
particularly bad. What can the producers of the
bad ones learn from those who presented the
good ones?

Sources of information

Further reading

Most of the books on mathematics mentioned in
Chapter 2 include sections on graphs. Some other
useful books on graphs include:

Few S., Show Me the Numbers, Analytics Press,
Oakland, CA, 2004.

Janert P.K., Guuplot in Action, Manning
Publications, Greenwich, CT, 2009.

Jelen W., Charts and Graphs, Pearson Education,
Toronto, 2010.

3.3 You can monitor the trends in share prices
using various indices, such as the London Stock
Exchange FTSE 100 or FTSE 250 indices. Similar
indices are calculated for other stock exchanges,
such as the Nikkei in Tokyo, Dow-Jones in
New York, Hang Seng in Hong Kong, Dax in
Frankfurt and CAC in Paris. Collect some figures
for a specific company over a period and draw
graphs to compare its performance with the
broader stock market. Can you find any obvious
trends? What do you expect to happen in the
future?

Robbins N.B., Creating More Effective Graphs,
John Wiley, Chichester, 2005.

Tufte E., The Visual Display of Quantitative
Information (2nd edition), Graphics Press, Cheshire,
CT, 2001.

Walkenbach J., Excel 2007 Charts, John Wiley &
Sons, New York, 2007.

Zelazny G., Say it with Charts (4th edition),
McGraw-Hill, New York, 2006.






Collecting and
summarising data

This book is divided into five parts. The first part looked at the background
and context for quantitative methods. It showed why managers need numer-
ical skills, and it reviewed the tools they use.

Even the best quantitative methods have no value unless managers can
collect the necessary data. There is no point in developing a model for, say,
company profits unless managers can gather all the related information about
costs and incomes. This second part of the book shows how to collect,
summarise and present data. Then the third part looks at ways of using
information to solve specific types of problem. The fourth part describes
some useful statistics, and the fifth part uses these to solve problems involving
uncertainty.

There are four chapters in this part. Chapter 4 discusses the actual collec-
tion of data and how it can be organised. The raw data often has too much
detail, so it has to be summarised and presented in ways that highlight its
important features — Chapter 5 shows how to do this with different types of
diagrams. Chapter 6 continues this theme by looking at numerical descrip-
tions of data. Chapter 7 describes index numbers, which monitor changing
values over time.
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Chapter outline

All quantitative analyses need reliable data. To make reasoned decisions,
managers have to collect this data from a variety of sources. But there are
many types of data, and each can be collected, analysed and presented in dif-
ferent ways. This chapter discusses the most common ways of collecting
data. In practice, this usually means sampling, where data is collected from a
representative sample of possible sources. Later chapters discuss the analysis
and presentation of this data.
After finishing this chapter you should be able to:

appreciate the importance of data collection

discuss the amount of data to be collected

classify data in different ways

identify sources of data

understand the concept of populations and samples
discuss the reasons for using samples

describe and use different types of sample

consider different ways of collecting data from samples
design questionnaires.

- Data and information

You often hear the terms ‘data’ and ‘information” used to mean the same thing
— some collection of facts. However, there is really a difference between the two.



78 Collecting data

Data are the raw numbers or facts that we process to give useful information.

78, 64, 36, 70 and 52 are data that we process to give the information that
the average exam mark of five students is 60%. A government census collects
data from individuals, and processes this to give information about the popu-
lation as a whole. Analysts collect data about businesses and process it to
give information about their performance. Researchers use market surveys
to collect data and process it to give information about consumer opinions.
The principle is always that data consists of raw numbers and facts, while
information gives some useful knowledge.

Managers need relevant information for their decisions. To get this, they
start with data collection, then process the data to give information, and pre-
sent the results in the best formats (as shown in Figure 4.1). The implication
is that data collection is essential in every organisation, because it starts the
process of decision-making — and without proper data collection, managers
cannot make informed decisions.

Figure 4.1 shows the three main steps in preparing information:

1 Data collection
2 Processing to give information
3 Presentation.

In this chapter we concentrate on data collection, while the following chapters
look at processing and presentation. This seems a sensible approach because
it follows the natural timing — but things are not really this simple, and your
planned use of data affects the way that you collect it. Suppose you want
some data about the city of Malaga. If you are going there on holiday, you
might use your phone to get weather forecasts for the next week; if you want
information about local companies, you might look at their websites; if you
want details of the city’s history, you might look in an encyclopaedia; if you
want to know the attitude towards business, you might send out a question-
naire; if you want to see how busy the streets are, you might do a survey.

Data
SOURCES OF collection

DATA
consisting of raw

DATA
numbers

Processing

MANAGERS
use information
for decisions

INFORMATION Presentation

in a useful form

Figure 4.1 Processing data needed for decisions
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Figure 4.2 Planning data collection

So the first step is really to define the purpose of the data and how it will be
used. The second step is to decide which data is needed to achieve this pur-
pose. Then the third step is to design the data collection and actually set
about collecting it (as shown in Figure 4.2).

At first, it seems easy to collect data. After all, you can use a search engine
on the Web to find a huge amount of data about almost anything. Unfortun-
ately, you soon find that most of this is irrelevant, faulty, and you are
swamped by details that are of no interest. If you want data that is relevant
for your needs and is accurate and reliable, you have to plan the collection
more carefully.

Amount of data

Three important questions for data collection are the amount of data, its
source and the means of collection. Starting with the amount of data, man-
agers want enough to enable good decisions to be made, but not so much
that they are swamped by irrelevant detail. This balance can be difficult.
There is often a huge amount of data they could collect, and which might be
useful. But all data collection and analysis costs money, so they must resist
the temptation to go on a spree and collect everything available. Imagine that
you use a questionnaire to collect a group of people’s answers to five ques-
tions. As you are sending a questionnaire you might as well add some extra
questions to get a few more details. But if you end up with, say, 20 questions,
you have the extra costs of collecting and analysing 15 questions that do not
say anything useful — and you irritate people who have to spend more time
completing the questionnaire.
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In principle, we can define a marginal cost as the extra cost of collecting
one more bit of data, and this rises with the amount of data collected. You
can find some general data about, say, the Burlington Northern Railroad
very easily (it runs trains, employs staff etc.); for more detailed data you need
a trip to a specialised transport library (perhaps finding what kinds of
engines it has, or staff at different grades); for yet more detailed data you
need to search the company’s own records; for yet more detailed data you
need a special survey of employees. At each stage, the more data you want,
the more it costs to collect.

On the other hand, the marginal benefit of data — which is the benefit from
the last bit collected - falls with the amount collected. The fact that
Burlington Northern Railroad runs a rail service is very useful, but as you
continue collecting more details, the value of each bit of data gets progres-
sively smaller.

Figure 4.3 summarises these effects, and shows how to identify the opti-
mal amount of data for any specific purpose. In principle, you collect the
amount where the marginal cost equals the marginal benefit. If you collect
less than this, you lose potential benefit because the cost of collection is less
than the benefit; if you collect more data than this, you waste resources
because the cost of collection is more than the benefit.

In reality, it is virtually impossible to find convincing values for the
marginal cost and benefit, so people simply collect the amount that their
experience and judgement suggest is reasonable. An important factor in this
decision is the time available. Some methods of data collection are very fast

Value

Marginal
cost of
data

Too much
data, as the
cost is greater
than the

benefit

Too little data,

as the benefit

is greater than
the cost

Marginal
benefit

of data
Optimal Amount of
amount of data
data collected

Figure 4.3 Finding the amount of data to collect
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(such as searching websites) but other methods need a lot of time (such as
running consumer surveys). There is always pressure on managers’ time, so
they prefer fast methods — arguing that when data collection takes too long,
the results become obsolete and irrelevant before they prepared. Unfortun-
ately, when managers do not allow enough time for proper data collection,
they encourage shortcuts and assume that any data — even if slightly inaccur-
ate — is better than no data at all. Sometimes this is true. If a company does
not have time for a full market survey, it can still get useful information from
a limited study; and when you buy a car it is better to get some information
from salespeople, even if their replies do not tell the whole story. Often,
though, wrong data can be worse than no data at all. A limited market sur-
vey might give misleading results that encourage a company to start a hope-
less venture, and salespeople might underestimate the running costs of a car
so that you get into debt trying to pay them. Inaccurate data can lead to bad
decisions — so the clear message is that managers need accurate data, and this

Review questions

needs careful planning.

4.1

What is the difference between data and information?

4.2 Why is data collection important to an organisation?

4.3

‘It is always best to collect as much data as possible.” Do you think this is true?

DTN R 7\@i[e= Survey into use of quantitative methods

In 2002 Peder Kristensen sent a questionnaire
to 187 managers asking them how much they
used standard quantitative analyses. Some of the
results were quite disappointing. Peder said,
‘Some methods were widely used - such as break-
even analyses, basic statistics and inventory
control. On the other hand, some common methods
— such as linear programming and regression
analysis — were used surprisingly little. My survey
included small companies that are less likely to use
sophisticated methods, but the results were still
disappointing.’

Peder soon recognised a fault in his data col-
lection. He explained, ‘It was the most basic and
embarrassing mistake. | assumed that most man-
agers would be familiar with a range of quantita-
tive methods. | simply asked questions like “Do you
use linear programming?” Actually, relatively few
of the managers had any formal training in quan-
titative methods, and were unlikely to use them.’

In 2006 Peder repeated the survey, sponsored
by a software company, which was convinced that
managers’ needs were not being met. This time he
asked questions like ‘Do you know about linear

programming? If the answer is “yes”, do you use it
in your work?’ The following table shows some of
his results.

Topic Percent Percent of
aware of these using
Descriptive statistics 93 98
Discounted cash flow 78 87
Forecasting 74 83
Inventory control 69 65
Regression 67 79
Project planning — CPM 58 76
Project planning — PERT 51 61
Linear programming 47 53
Queuing models 41 38
Integer programming 25 27

Many people believe that managers do not use
quantitative methods because they do not trust
them, or they believe that the analyses are too
difficult or inappropriate. Peder showed that an
important factor is that managers often have little
formal training and do not use quantitative methods
simply because they do not know about them.
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- Types of data

We can classify data in several ways. One way that we have already used
describes data as either quantitative (based on numbers) or qualitative (where
there are no numbers). Quantitative data is much easier to collect, analyse
and describe, so you should use it whenever possible. You can even trans-
form data that is essentially qualitative into a quantitative form. For example,
when people have different opinions about some issue, you cannot measure
those opinions but you can ask if they agree with a particular statement.
Then you might say, ‘70% of people agree with the statement that .. ..
Sometimes you can add a notional scale. When doctors want to know how
bad a patient’s pain is, they ask them to rank it on a scale of 1 to 10 — and
questionnaires often ask respondents to rate the strength of their opinion on
a scale of, say, 1 to 5.

However, we cannot transform all data into a convincing quantitative
form, and when Browning asks, ‘How do I love thee? Let me count the
ways . . ."' we know that this is more for effect than for realism. A useful
classification of data checks how easy it is to measure, and then describes it
as nominal, ordinal or cardinal.

m Nominal data is the kind that we really cannot quantify with any mean-
ingful units. The facts that a person is an accountant, or a country has a
market economy, or a cake has cream in it, or a car is blue are examples
of nominal data because there are no real measures for these. The usual
analysis for nominal data is to define a number of distinct categories and
say how many observations fall into each — which is why it is also called
categorical or descriptive data. A survey of companies in a town might
give the nominal data that 7 are manufacturers, 16 are service companies
and 5 are in primary industries. A key point about nominal data is that the
order in which the categories are listed does not matter, as you can see
from the example in Figure 4.4.

m Ordinal data is one step more quantitative than nominal data. Here we
can rank the categories of observations into some meaningful order. For
example, we can describe sweaters as large, medium or small. The order
of these categories is important because we know that ‘medium’ comes
between ‘large’ and ‘small’ — but this is all we can say. Other examples of
ordinal data are the strength of people’s opinions on a scale of 1 to 3,
socioeconomic descriptions of people as A, B1, B2, C1 etc. and exam
results as distinction, pass or fail. The key point is that the order of the
categories is important, which is why ordinal data is sometimes described
as ordered or ranked.

m Cardinal data has some attribute that can be measured directly. For ex-
ample, we can weigh a sack of potatoes, measure the time taken to finish a
job, find the temperature in an office, and record the time of deliveries.
These measures give a precise description, and are clearly the most relevant
to quantitative methods.

We can divide cardinal data into two types depending on whether it is
discrete or continuous. Data is discrete if it takes only integer values. The
number of children in a family is discrete data, as are the numbers of cars
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(@) Nominal data

Percentage of respondents who would vote for political party X 35%
Percentage of respondents who would vote for political party Y 40%
Percentage of respondents who would vote for political party Z 20%
Percentage of respondents who do not know who they would vote for 5%

(b) Ordinal data

Percentage of people who feel ‘very strongly’ in favour of a proposal 8%
Percentage of people who feel ‘strongly’ in favour of a proposal 14%
Percentage of people who feel ‘neutral’ about a proposal 49%
Percentage of people who feel ‘strongly’ against a proposal 22%
Percentage of people who feel ‘very strongly’ against a proposal 7%

(c) Cardinal data

Percentage of people in a club who are less than 20 years old 12%
Percentage of people in a club who are between 20 and 35 years old 18%
Percentage of people in a club who are between 35 and 50 years old 27%
Percentage of people in a club who are between 50 and 65 years old 29%
Percentage of people in a club who are more than 65 years old 14%

Figure 4.4 Typical analyses for nominal, ordinal and cardinal data

owned, machines operated, shops opened and people employed.
Continuous data can take any value and is not restricted to integers. The
weight of a packet of biscuits is continuous, and can take values like
256.312 grams — as are the time taken to serve a customer, the volume of
oil delivered, the area covered in carpet and the length of a pipeline.

Sometimes there is a mismatch in data types. For example, the lengths
of people’s feet are continuous data, but shoes come in a range of discrete
sizes that are good enough for most needs; people’s heights are continu-
ous, but most people describe their height to the nearest centimetre or
inch. If the units of measurement are small, the distinction between dis-
crete and continuous data begins to disappear. For instance, salaries are
discrete as they are multiples of a penny or cent, but the units are so small
that it is reasonable to describe them as continuous.

Primary and secondary data

Another important classification of data describes the way it is collected. This
is often characterised as ‘field research’ when you actually go out and collect
data yourself (to get primary data), or as ‘desk research’ when you look for
data that someone else has already collected (described as secondary data).

m Primary data is new data collected by an organisation itself for a specific purpose.
m Secondary data is existing data that was collected by other organisations or for other
purposes.
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Review questions

Primary data has the benefits of fitting the needs exactly, being up to date
and being reliable. Secondary data might be published by other organisa-
tions, available from research studies, published by the government, already
available within an organisation and so on. This has the advantages of being
much cheaper, faster and easier to collect. It also has the benefit of using
sources that are not generally available, as firms are willing to give information
to impartial bodies, such as governments, international organisations, univer-
sities, industry representatives, trade unions and professional institutions.

If there is reasonable secondary data, you should use it. There is no point
in spending time and effort in duplicating data that someone already has. For
instance, when you want views on future economic conditions it is better to
use figures already prepared by the government rather than starting your
own survey. Unfortunately secondary data is often not reliable enough for a
particular purpose, is in the wrong form or is out of date. Then you have
to balance the benefits of having primary data with the cost and effort of
collecting it. For major decisions it is worth collecting primary data, in the
way that organisations run market surveys to collect customer reactions
before launching new products. Otherwise it is better to use secondary data.

In practice, the best option is often a combination of primary and second-
ary data — perhaps with secondary data giving the overall picture and primary
data adding the details. For example, a UK logistics company might get a
broad view of industrial prospects from secondary data collected by the
government and the European Union; more details come from secondary
data collected by the Road Haulage Association and the Chartered Institute
for Transport and Logistics. Then the company can collect specific primary
data from its customers.

4.4  Why is it useful to classify data?

4.5 How can you classify data?

4.6 What is the difference between discrete and continuous data?

4.7 Give examples of nominal, ordinal and cardinal data.

4.8 'Primary data is always better than secondary data.’ Do you agree?

DITAENRSHAG @ Finding secondary data

There are many sources of secondary data. For
example, the UK government’s Statistical Service
publishes broad reviews in a Monthly Digest of
Statistics’ and an Annual Abstract of Statistics.?
Their Guide to Official Statistics* lists the more
specialised figures they publish. Other countries
have similar publications, and the results are sum-
marised by international bodies such as the United
Nations, the European Union, the World Bank and
the International Monetary Fund. Most of this
data is available on official websites.

In addition to government information, a huge
amount of data is published by individual com-
panies and organisations — as well as information
provided by services such as Reuters, CNN, BBC,
the Financial Times, etc., or survey companies,
such as Gallup, Nielsen and Mori. There is a huge
amount of information — of widely variable qual-
ity — on websites, and it is often best to start
looking with a search engine, like those you can
find at www.altavista.com, www.baidu.com, www.
bing.com, www.google.com, www.lycos.com,
www.webcrawler.com and www.yahoo.com.
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- Using samples to collect data

When there is no appropriate secondary data, you have to collect your own
primary data. You do this from the relevant population. Here we are using
‘population’ in the statistical sense of all people or entities that share some
common characteristic. For instance, when Royal Mail wants to see how
long it takes to deliver first-class letters, the population is all the letters that
are posted first-class; a consumer organisation testing the quality of
Whirlpool dishwashers would define the population as all the dishwashers
made by Whirlpool; a toy manufacturer getting reactions to a new game
might define the population of potential customers as all girls between the
ages of 6 and 11.

Obviously, it is important to identify the appropriate population because a
mistake here makes all the subsequent data collection and analysis pointless.
But this is not as easy as it seems. The population for a survey of student
opinion is clearly the students — but does this mean only full-time students,
or does it include part-time, day-release, short-course and distance-learning
students? What about students who are doing a period of work experience,
school students and those studying but not enrolled in courses? If the popula-
tion is ‘imported cars’, does this include those where components are
imported but assembly is done in this country, or those where almost-
finished cars are imported for finishing here or those where components are
exported for assembly and the finished car is then brought back? Even when
we can identify a population in principle, there can be difficulties translating
this into actual sources of data. For instance, it is easy to describe the popula-
tion of houses with broadband connections, but it is much more difficult
to identify them all. Similarly, it would be difficult to identify populations
of people who bought an imported television set within the last five years, or
people who use a particular supermarket or people who caught a cold last
winter. The answer is, generally, to ask a very large number of people and
then ignore everyone who does not have the features you want — but this
approach raises other problems with bias, efficiency and reliability.

When you can get a complete list of a population, you have a sampling
frame. Some common sources of sampling frames include electoral registers,
memberships of organisa